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Abstract 

We construct Euclidean random fields X over IR d , by convoluting gener- 
alized white noise F with some integral kernels G, as X = G * F. We study 
properties of Schwinger (or moment) functions of X. In particular, we give a 
general equivalent formulation of the cluster property in terms of truncated 
Schwinger functions which we then apply to the above fields. We present a 
partial negative result on the reflection positivity of convoluted generalized 
white noise. 

Furthermore, by representing the kernels G a of the pseudo-differential 
operators (—A + mj)"" for a £ (0,1) and mo > as Laplace transforms 
we perform the analytic continuation of the (truncated) Schwinger functions 
of X = G a * F, obtaining the corresponding (truncated) Wightman dis- 
tributions on Minkowski space which satisfy the relativistic postulates on 
invariance, spectral property, locality and cluster property. 

Finally we give some remarks on scattering theory for these models. 
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Introduction 

Since the work of Nelson in the early 70's the problem of the mathematical 
construction of models of interacting local relativistic quantum fields has 
been related to the one of the construction of Markovian Euclidean gener- 
alized random fields. 

In models for scalar fields in space-time dimension two Markovian can be 
understood in the strict "global Markov sense", as proven in [4], [35], [71], 
[12] (see also [20] and references therein). This is also true for a class of vector 
models in space-time dimensions d = 2,4(and 8), see [11], [13], [14], [15], 
[55] [64]. The latter models are of the gauge-type and the construction of an 
associated Hilbert space, in the cases d = 4 and 8, presents difficulties (these 
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do not exist for d = 2, see [15]; for a partial result for d = 4 see [14]). For 
results on a model of a scalar field for d = 3 (with the Markovian property 
replaced by reflection positivity in the sense of [37]) see references in [37] 
and [21], for partial(weak and rather negative) results for scalar fields for 
d = 4 see [1], [37], [33], [32], [60], [62]. For partial results on conformal fields 
on other types of d = 4 space-times see [65] . 

A program of constructing Euclidean random fields of Markovian type 
by solving pseudo-stochastic partial differential equations of the form LX = 
F with F a Euclidean noise and L a suitable invariant pseudo differential 
operator was started in [68], [5], [6], [7], see also [11], [14], [15], [26] in the 
vector case, and in [18] for the scalar case (in a recent note J. Klauder, see 
e.g. [49] and [50], and references therein, also advocated the use of non 
Gussian noises in stochastic PDEs resp. functional integrals to circumvent 
triviality for scalar fields, his suggestion is however different from ours). 
In the present case we continue the work initiated in [18], extending the 
study of random fields of the form X = G * F(of which the above case 
G = L^ 1 is a special one), to more general G than in [18], in particular 
covering G a = (—A + m^)"" for a E (0, 1) and tuq > 0(only the case 
mo = 0, a = 1 was treated in [18]). For a = ^, F Gaussian white noise, 
X is Nelson's Euclidean free field over M d [54]; for a = \, X is the time 
zero free field (over a space-time of dimension d + 1). The idea of extending 
F to be a general, not necessary Gaussian Euclidean noise ("generalized 
white noise") (i.e., a generalized random field "independent at every point", 
in the terminology of [34], or a "completed scattered random measure", 
which is homogeneous with respect to the Euclidean group over M d ) can be 
motivated from different points of view. Let us mention three of them (see 
also e.g. [5], [6], [7], and [11]): 

1. From a general Euclidean noise F one can recover a Gaussian Eu- 
clidean (Gaussian white) noise F 9 as weak limit, see Remark 1.4 at 
the end of Section 1. Thus one can look at the fields X = G * F 
constructed from F as perturbations of the free fields X = G*F 9 con- 
structed from F 9 . This perturbation is of another type than the usual 
perturbations of (Euclidean) quantum field theory (given by additive 
Feynman-Kac type functionals, see e.g. [1],[20],[66], [37]). 

2. As explained in details in Remark 5.12 below, the Schwinger functions 

n 

S n of our model, suitably scaled by a factor A~ 2 5 A > 0, can be written 
in terms of the free field Schwinger functions plus a polynomial of finite 
order in the "coupling constant" A -1 without a constant term, the 
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coefficients being products of truncated Schwinger functions of order 
2 < I < n. In this sense we have a parameter A" 1 which measures 
"the amount of Poisson component" which can also be seen as "the 
amount of interaction" present in the given Schwinger functions. 

3. One can give a discrete approximation or "lattice approximation" of 
the models, by replacing M d by a lattice 5ZJ d , and correspondingly L 
and F by discrete analogues, see e.g. for special cases, [17], [18], and 
[19]. One can then interpret the probabilistic law of X in a bounded 
region as given by a Euclidean action with a non quadratic kinetic 
energy part (depending essentially on the Levy measure characterizing 
the distribution of F). 

Let us explain this a little further, starting from be the lattice approximation 
F^ of a generalized white noise F, where the superscript A indicates a cutoff 
outside a bounded region A C M d . We assume that F is determined by a 
Levy characteristic ip (cf. Section 1) such that the convolution semigroup 
(Ht)t>o generated by tp [27] is absolutely continuous w.r.t. Lebesgue measure 
on M. Let g t , t > 0, be the corresponding densities. Then the probability 
distribution of F^ in every lattice point 5n £ A,5 := 5Zj d n A is given by 
fi S d = Qgddx. We denote by the lattice discretization of a partial (pseudo- 
) differential operator L over the lattice A^. Furthermore, we assume that 
L- as a |A^| x \ A$ [-matrix is invertible. Then the solvable discrete stochastic 
equation L^X^ = F A is the lattice analogue of LX = F.We set 

W s (x) := -5- d logg 5d (S d x), x € JR. 

The lattice measure P x a is defined as the measure with respect to which 
X- is the coordinate process. Then we have (see [18] and [19]) 

P X A{x£eA} 

= z-i [ e -^„ eA / d ^((W)W) jj dxf{5nl 

JA 5neA 5 

for Borel measurable subsets A C JR As . Here IlsnGAa dX^(5n) denotes the 
flat lattice measure and Z is a normalization constant which depends on 5, A 
and L. For (/J,t)t>o the Gaussian semigroup (of mean zero and variance t) and 
Lf the discretization of (-A + m^ we get the usual lattice approximation 
of the Nelson's free field with mass mo > 0. If {/J-t)t>o is not the Gaussian 
semigroup, the action Wg is no longer quadratic and therefore contains terms 
which can be identified with some kind of interaction. 
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In this sense the models can be looked upon as quantized versions of 
nonlinear field models (with some analogy with models like the Einstein- 
Infeld field model, see [5], [6], [7], and [11]). 

In this paper we construct X, as given in general by G * F, study its 
regularity properties and the properties of the associated moment func- 
tions(Schwinger functions), proving invariance and cluster property. We 
also perform their analytic continuation to relativistic Wightman functions, 
which are shown to satisfy all Wightman axioms (possibly except for posi- 
tivity), including the cluster property (a point not discussed in [18] for the 
special case considered there). We also provide a counterexample to the 
reflection positivity condition, for a particular choice of noise .F(with a "suf- 
ficiently strong" Poisson component). We also indicate that despite the 
possible absence of reflection positivity in non Gaussian cases, one can as- 
sociate scattering states which partly express a "particle structure" of the 
models. We also make several comments concerning the interplay of prop- 
erties of G with the Markov property respectively the reflection positivity 
of X. 

One main method used in our analysis is the study of truncated Schwinger 
functions. This, as most of the results of the present work, is based on [38]. 
Some of our results have been announced in [2]. 

Here are some details on the single sections in this paper. In section 
1 we introduce the basic (white) noises F used in this work. In section 2 
we describe the kernels G and the random fields given by X = G * F. In 
section 3 we discuss the basic invariance properties of the moment functions 
5 n (Schwinger functions) of X. In section 4 we discuss the cluster property 
of the S n . Section 5 is devoted to a discussion of the reflection positivity 
property and to an example showing that it does not hold for general F. 
In sections 6 and 7 the analytic continuation of the Schwinger functions to 
Wightman functions is discussed, first (section 6) for the two-point function 
and then for the general n-point Schwinger functions (section 7). Section 
7 also contains the discussion of "positivity properties" in a "scattering 
region" . 

1 The Generalized White Noise 

In this section, we shall present some basic concepts as background for our 
discussions in later sections. 

As is well-known in probability theory, an infinite divisible probability 
distribution P is a probability distribution having the property that for 
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each n G JN there exists a probability distribution P n such that the n-fold 
convolution of P n with itself is P, i.e., P = P n * . . . * P n (n times). By 
Levy-Khinchine theorem (see e.g. Lukacs [51]) we know that the Fourier 
transform (or characteristic function) of P, denoted by Cp, satisfies the 
following formula 

C P (t) := / e ist dP{s) = e m , t G R , (1) 

where i\) : M is a continuous function, called the Levy characteristic of 
P, which is uniquely represented as follows 

a 2 t 2 (' / ist \ 

Mt) = iat + / e lst - 1 5 dM(s) , t G M , (2) 

2 Jm\{0} V l + s l J 

where a G M, a > and the function M satisfies the following condition 

/ mm(l, s 2 )dM(s) < oo . (3) 
JM\{0} 

On the other hand, given a triple (a, a, M) with a G iR, a > and a measure 
M on M\ {0} which fulfils (3), there exists a unique infinitely divisible 
probability distribution P such that the Levy characteristic of P is given by 
(2). 

Let d G IN be a fixed space time dimension. Let S(M d ) (resp. §p(M d )) 
be the Schwartz space of all rapidly decreasing real - (resp. complex-) 
valued C°°-functions on M d with the Schwartz topology. Let S'(M d ) (resp. 
^{M d )) be the topological dual of S(M d ) (resp. ^(R d )). We denote by 
< •,• > the dual pairing between S(M d ) (resp. <^(M d )) and S'(M d ) (resp. 
£fc(M d )). Let B be the cr-algebra generated by cylinder sets of S' (M d ). Then 
(S'(M d ),B) is a measurable space. 

By a characteristic functional on S(M d ), we mean a functional C : 
S(M d ) ^>€ with the following properties 

1. C is continuous on S(M d ); 

2. C is positive-definite; 

3. C(0) = 1. 

By the well-known Bochner-Minlos theorem(see e.g. [34]) there exists a 
one to one correspondence between characteristic functionals C and proba- 
bility measures P on (S'(M d ),B) given by the following relation 

C(f)= ( e^>dP(0, feS(M d ) . (4) 

JS'{IR d ) 
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We have the following result 

Theorem 1.1 Let ip be a Levy characteristic defined by (1). Then there 
exists a unique probability measure P^ on (S'(M d ),B) such that the Fourier 
transform of P^ satisfies 

I e^^dP^) = exp { / ^(f(x))dx) , f G S(M d ) . (5) 
JS'{IR d ) UlR d J 

Proof. It suffices to show that the right hand side of (5) is a charac- 
teristic functional on S(M d ). This is true, e.g., by Theorem 6 on p. 283 of 
[34]. - 

Definition 1.2 We call P^ in Theorem 1.1 a generalized white noise mea- 
sure with Levy characteristic if) and (S' (M d ) , B , P^) the generalized white 
noise space associated with if). The associated coordinate process 

F : S(M d ) x (S'(M d ), B, P^) -» M 

defined by 

F(f, £) =</,£> , / G S(M d ) , e e S'(M d ) (6) 
is called generalized white noise. 

Remark 1.3 In the terminology of [34], F is called a generalized random 
process with independent values at every point, i.e., the random variables 
< /i, • > and < f'2, • > are independent whenever f\{x)f2{x) = for /1, /2 G 
S(M d ). 

Combining (2) and (5), we get, for / G S(M d ), that 




From (7), we see that a generalized white noise F is composed by three 
independent parts, namely, we can give an equivalent (in law) realization of 
F as the following direct sum 

F(f, •) = F a (f, •) e F a (f, •) e F M (f, •) (8) 
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for / G S(M d ) with F a , F a and Fm the coordinate processes on the probabil- 
ity spaces (S'(M d ),B, P a ), {S'(lR d ),B, P a ) and (S'(M d ),B, P M ), respectively, 
where P a , P a and Pm are defined, by Theorem 1.1, by the following relations 



/ e^^dPaiO = expjm/ f(x)dx\ 
JS'(lR d ) I JlR d J 

/ e^>dP a (0 = exp{-^/ \f{x)fdx 

JS'(R d ) { 2 JlRd 



Is 



e^^dPuti) 

S'(M d ) 

= exp{/ / *W (< )4 

[7iR d iiR\{0} V l + S 2 J J 

for all / G S(M d ). We call F a , F CT and Fm in order as degenerate (or con- 
stant), Gaussian and Poisson (with jumps given by M) noises, respectively. 
The first two terms F a and F a can be clearly understood. Let us discuss fur- 
ther the Poisson noise. Its characteristic functional is given by the following 
formula 



rf e l <^>dP M (0 



Is 

= exp { / / ( e is ^ - 1 - dM(s)dx\ (9) 

[JlR d JM\{0} V l + s 2 J J 

for / G S(M d ). The existence and uniqueness of the Poisson noise measure 
Pm is assured by Theorem 1.1. 

In what follows, we will give a representation of Poisson noise in terms 
of a corresponding Poisson distribution. To do this, we first introduce some 
notions. Let V(M d ) denote the Schwartz space of all (real- valued) C°°- 
functions on M d with compact support and V'(]R d ) its topological dual 
space. Clearly, V(M d ) C S(JR d ). As was pointed out e.g. in [34] and [45], 
the Bochner Minlos theorem (and therefore our Theorem 1.1) also holds on 
V{M d ). Especially, (9) holds for P M on V'{M d ) and / G V{M d ). Namely, 
there exists a unique Pm such that 



V'(M d ) 



If I (< 

{Ja(j) Jm\{o} V 



oxp<{ / / ( e «/W_l_^M) r /i\/ ( . s . V /, -J, (10) 
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for / € V(M d ), where A(/) := supp/(c M d ) is the support of /. We assume 
henceforth that the first moment of M exists. In this case we can drop the 
third term in the exponential of the right hand side of (10) and Theorem 
1.1 assures that there exists a unique measure Pm such that for / £ V(M d ) 

( e i<f *>dP M {Z) = expi / / (e isf{x) - l) dM{s)dx \ . (11) 
JV'{IR d ) [JMf) Jm\{o} v ' J 

Set Kf = Xv(/) Im\{o} dM(s)dx, which is a finite and strictly positive 
number. Then by Taylor series expansion of the exponential and dominated 
convergence, we have from (11) that 

t e l <^>dP M (0 

V'(IR d ) 



1 

n>0 



e ~ Kf E -i 



e is f(*)dM(s)dx 

A(/) JiR\{0} 



n] J HI) JiR\{0} 



f [ ^E^i^/fe) f\dM( Sj )d Xj . (12) 
A(/)M{0} 



Formula (12) might be interpreted as a representation of Poisson chaos 
and from it we get the following equivalent (in law) representation of Poisson 
noise 

N f 

< f, C >=< /, E A^x 3 > , / € V(M d ) , (13) 

j=l 

where 5 X is the Dirac-distribution concentrated in x £ -ff? and Aj is a com- 
pound Poisson distribution (with intensity Kf) given as follows 

Pr{N f = n} = ' " = 0,1,2,... (14) 

where {(X,-, Aj)}i<j<jVy is a family of independent, identically distributed 
random variables distributed according to the probability measure Kj 1 dx x 
dM{s) on A(/) x (M\ {0}). 

Concerning with Poisson noise Fm on S'(M d ) determined by formula 
(9), we note that V{M d ) is dense in S(M d ) with respect to the topology of 
S(M d ). Therefore, by the continuity of the right hand side of (9), the chaos 
decomposition (12) determines the law of the coordinate process Fm- 



9 



Remark 1.4 It is interesting to note, in the relation with the short discus- 
sion given in the introduction, that one can recover Gaussian fields from 
Poisson ones in a limit. In fact, let {M n } ne jv be a certain sequence of func- 
tions satisfying (3) and {-P^}neJV be the sequence of Poisson noise measures 
determined by (10), then 

2 

/ e*<«>dP&(0 — > e* / . f{x)dx - G -\ \f(x)] 2 dx 
JV'(M d ) JM d L JM d 

as n — > oo, which is the characteristic functional of a Gaussian law on 
V'(IR d ) with mean 



E[< /,■>]= a f f(x)dx, f€V(M d ) 



and covariance 



E[<f,-><g,->]=a 2 [ f(x)g(x)dx, f,g €. V(M d 

iff 

(>/(*) _ i _ d M n (s)dx 



L 



M\{0} 



ia 



, f f{x)dx -° f \f( x )fdx 
JM d * JlR d 

as n — y oo. An example is given by Poisson laws where the left hand side is 

( e w/(«) _ i) d M n (s)dx 



M d JM\{0} 

which converges to ^- f ^[f (x)} 2 dx (i.e. to the right hand side for a = 0) if, 
e.g., dM n (s) = n 2 a 2 5i(s)ds. 

n 

2 Euclidean Random Fields as Convoluted Gener- 
alized White Noise 

Let us first give the notion of random fields. 

Definition 2.1 Let (Q,6,P) be a probability space. By a (generalized) ran- 
dom field X on (fi, £, P) with parameter space S(M d ), we mean a system 
{X(f,u),uj E £1} f £ s{M d )' °f ran dom variables on (£1,8, P) having the fol- 
lowing properties. 
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1. P{lj G ft : X(c 1 f 1 +c 2 f 2 ,u) = c 1 X{f 1 ,uj) + c 2 X{f 2 ,u)} = 1, a,c 2 G 
M, hJ 2 ^S{M d ); 

2- f n —* f in S(M d ) implies that X(f n , •) — > •) in law. 

The coordinate process F in Definition 2.1 is a random field on the gen- 
eralized white noise space (S' (M d ) , B , P$) , which follows immediately from 
the facts that the above property 1 is fulfilled pointwise and the property 2 
is implied by the pointwise convergence F(f n ,uj) — > F(f,uj) as n — > oo for 
all (j € S'(M d ) and /„ — > / in S(]R d ) since the latter is slightly stronger 
than convergence in law. 

Let Q : S(M d ) — > S(M d ) be a linear and continuous mapping. Then 
by the known Schwartz theorem, there exists a distribution .ftT G S'(IR 2d ), 
hereafter called the kernel of Q, such that 

(<?/)(*) = [ K(x,y)f(y)dy , f G 5(iR d ). (15) 

It is clear that the conjugate operator Q : S'(M d ) — > S'(M d ) is a measurable 
transformation from (S'(lR d ),B) into itself. 

Example 2.2 Zei A 6e £/ie Laplace operator on M d . Let G a be the Green 
function (i.e., fundamental solution) of the pseudo-differential operator (— A+ 
)71q) q /or some arbitrary (but fixed) mo > and < a. Take K(x,y) = 
G a {x — y), x,y G M d . Then Q = (—A + TOq)"" is a linear continuous 
mapping from S(M d ) to S(M d ). 

To see this, let T and J 7 ^ 1 denote the Fourier and inverse Fourier trans- 
forms, respectively. Namely, 

(rf)(y) = (27r)-i / e~ ix y f(x)dx 
(T- 1 f)(x) = (2n)-l [ e ixy f{y)dy 

JlR d 

for f G S{M d ). Then we have 

(<?/)(*) = f G a (x- y)f(y)dy , / G S(M d ) 

J M d 

and 

{FG a )(k)= ) — , keM d . (16) 

(2vr)2(|fc| 2 +ml) a 
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Thus 



(HGf m) = (2tt)-§ / e— fe f G a (x- y)f(y)dydx 

JlR d JlR d 
= (2tt)-# / ^ e-^GMdy I h e~ ixk f{x)dx 

JlR d JlR d 



IM d JM d 

{2ir)t(FG a )(k)-(Ff)(k) 



Therefore 



We notice that (— A + TOq) - " maps real test functions to real test functions. 
Furthermore, by Theorem IX. 4 of [61 J, T and JF -1 are linear continuous 
from <§p(M d ) to §p(M d ). Hence it suffices to verify that the multiplicative 
operator defined by /(•) — > ^k^+m 1 )" ' /(') ^ s ^ near an d continuous from 
§p(M d ) to 6fc(lR d ). The linearity is obvious. The continuity is derived from 
the fact that M^f := hf defines a continuous multiplicative operator from 
§g(M d ) to <§g(lR d ) if h is C°° -differentiable and h itself with all its deriva- 
tives are of at most polynomial increasing. This is true because in our case 

h{k) ' 



(|fc| 2 + m§)« • 



In section 1, we had already denned the generalized white noise measure 
Pa on (S'(M d ),B) associated with a Levy characteristic ip. Now let Pk 
denote the image (probability) measure of P$ under Q, i.e., Pk is a measure 
on (S'{M d ),B) defined by 

P K (A) := P^Q^A) , AeB. (17) 
Then we have the following result 

Proposition 2.3 The Fourier transform of Pk is given by 
e l< f£>dP K {0 

exp {J i; [J K(x, y)f(y)dy^j dx J , / e S(M d ) . (18) 



/ 

JS'(IR d ) 
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Conversely, given a linear and continuous mapping Q : S(M ) — > ) 
and a Levy characteristic if), there exists a unique probability measure Pk 
such that (18) is valid. 

Proof. For / G S(lR d ), by (17) and Theorem 1.1, we derive that 

/ e^>dP K (0 = [ Wi dlUi) 

JS'{]R d ) JS'(M d ) 

= f d e i<0 «>dP*(fl 
JS'(lR d ) 

= {l]R d ^ K(kX ' V ^^ dy ) dX 

The converse statement is derived analogously to the proof of Theorem 
1.1 since the operator Q is continuous from S(M d ) to S(M d ) and thus the 
RHS of (18) defines a characteristic functional. ■ 

Clearly, from Proposition 2.3, the associated coordinate process X : 
S(M d ) x (S'(M d ), B, P K ) -> M given by 

X(f,0 =< /,£ > , / G 5(iR d ) , e G 5'(iR d ) 

is a random field on (S'(M d ),B, Pk)- In fact, X is nothing but QF which is 
defined by 

(GF)(f,0 := F(Qf,0 , / G S(M d ) , £ G <S'(iR d ). 

Remark 2.4 Concerning Example 2.2, the above construction does not al- 
ways work if mo = 0, because (— A)~ Q does no£ map S(M d ) onto S(M d ) for 
a > 0. /n £/ns case, if F is a Gaussian white noise, then we can obtain a 
random field X = (—A)~ a F for a < j by the following argument. Take 
a < j, then the scalar product 

(f f) f WJW)-^h){k) d 
h) a — dk , fi, f 2 G S(M ) 

is continuous with respect to the (Schwartz) topology of S(M d ), where T 
denotes the Fourier transform as introduced previously. Thus f G S(M d ) i— > 
exp{— G [0, oo) is a characteristic functional on S(M d ). By Boch- 
ner-Minlos theorem, we get a unique measure Pk satisfying (18) and hence 
the associated coordinate process is precisely X = (— A)~ a F. However, if 
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one wants to follow a corresponding procedure with a generalized white noise, 
one needs an explicit calculation to show the continuity of the functional 

f G S (M d ) - exp{^ V((-A)- Q /)(x))dx} GC , 

where ip is a Levy characteristic. Then, by Bochner-Minlos theorem, one 
can directly construct the measure Pk- 

In order to derive a suitable condition for the continuity of the above 
functional, we note that the characteristic functional of generalized white 
noise (5) extends continuously from S(M d ) to L 2 (M d ,dx), provided the cor- 
responding generalized white noise F has mean zero and finite moments of 
second order (see Prop. 1^.3 of [25]). Furthermore, by the above considera- 
tions for the Gaussian case and the fact that T is unitary on L$(IR d , dx), we 
get that (-A) _t * : S(M d ) -> L 2 (M d ,dx) is continuous, ifO<a<j. Thus, 
we can construct "mass zero" random fields X = (—A)~ a F for < a < | 
and F as characterized above. 

In what follows, we will always assume that the continuity ofQ : S(M d ) — ► 
S(M d ) holds. 

Let us now turn to discuss the invariance of the random field X under 
Euclidean transformations. We need to introduce some notations at first. 
A proper Euclidean transformation of M d is, by definition, an element of 
the proper Euclidean group Eq(M ) over M d . In fact, the proper Euclidean 
group Eo(St d ) is generated by 

1. all translations T a : x G M d -> T a x := x - a £ M d , a € M d ; 

2. all rotations R : x G M d -> Rx G M d . 

The (full) Euclidean group E(M d ) over lR d is generated by all transfor- 
mations in Eo(M d ) and by all reflections. The group E(M d ) is an inhomo- 
geneous orthogonal group, that is, E(M d ) is the group of all nonsingular 
inhomogeneous linear transforms which preserve the Euclidean inner prod- 
uct. It is easy to see that among the reflections it is enough to consider 
the "time reflection" 9, defined by writing x G M d as x := (xq,x), xq G M, 
x G iR d_1 , calling xq "time coordinate" and setting 

Ox := (-x°, x) , x = (x°, x) £Mx M' 1 ' 1 . 

If T is a transformation in the Euclidean group E(M d ), the corresponding 
transformation on a test function / G S(M d ) is defined by 

{Tf)(x):=f(T- l x) , xeM d ; 
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and on S'(M d ) is defined by duality as follows 

< f,n >■=< T- i f,t> , / e s(M d ) , e g s'(iR d ) . 

The corresponding transformation on the random field X is defined by 

(TX)(f,0 := X(T-V,0 , / G 5(iR d ) , £ G S'^) . 

By the invariance of the dualization under Euclidean transformations (which 
follows from the invariance of Lebesgue measure) , we have 

(TX)(Tf,0 = X(f,0 , f G S(M d ) , e G S'(M d ) . 

Concerning Euclidean invariance of random fields, we have the following 

Definition 2.5 By Euclidean invariance of the random field X we mean 
that the laws of X and TX are the same, for each T G E(M d ), i.e., the 
probability distributions of {X(f,-) : f G S{M d )} and {(TX)(f,-) : / G 
S(M d )} coincide for each T € E(M d ). In particular, if the laws of X and 
OX, where 9 is the "time- reflection" defined above, are the same, we say 
that the random field X is (time-) reflection invariant. 

From Bochner-Minlos Theorem, the probability distribution of {X(f, •) : 
/ G S(M d )} is uniquely determined by the characteristic functional Cx(f), 
f G S(M d ), and vice versa. Thus, the property of Euclidean invariance of 
random fields is also determined by means of characteristic functionals. 

We say that Q is T-invariant, for some T G E(M d ), if QT = TQ. Q is 
called Euclidean invariant if Q is invariant under all T G Eo(M d ). In case Q is 
translation invariant its kernel K has the form K(x, y) = G(x — y)(cf. p. 39 of 
[67]). If the kernel G of Q is also invariant under orthogonal transformations, 
then Q is invariant under all T G E(M d ). In this case we also say for 
simplicity that G is the Euclidean invariant kernel of Q. The action of Q 
on test function in S(M d ) (and by duality on S'(M d ) as well as on random 
fields) in the translation invariant case is by convolution 

(Of)(x)= I K(x,y)f(y)dy = f G(x - y)f{y)dy x G M d . 

We then also write Qf as G * f. 

Remark 2.6 The kernel G a determined by formula (16) in Example 2.2 is 
given by 

1 f e ikx 
Ga{x) = (2^p In* (\k\* + m 2 r dk ' X G ^ ' 
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where the integral has to be understood in the sense of a Fourier-transform 
of a tempered distribution. It is invariant under all orthogonal transforma- 
tions. This can be verified directly by changing integral variables in the above 
formula since orthogonal transforms leave \k\ and dk invariant. 

Moreover, we have following result 

Proposition 2.7 Assume that the mapping G : S(M d ) -» S{M d ) is Euclidean- 
invariant, then the random field X = QF is Euclidean-invariant. 

Proof. By Bochner-Minlos Theorem, it is sufficient to show that 

Cx{f) = C TX (f) , feS(M d ) 

for every T G E(lR d ). 
In fact, we have 

CtxU) = E 
= E 



e iTX(f,-) 



gixor- 1 /,-) 



= expjj^VCeCT- 1 /)^))^} ,feS(M d ), 

where the last equality follows from by (18). So we need only to verify that 

[ M(9(Tf))(x))dx = [ J((gf)(x))dx . 

This holds by using the invariance of Lebesgue measure under the transfor- 
mation x — > T~ 1 x and the fact that 

(T-\Qf))(x) = (G(T-'f))(x) . 



Hereafter, we only deal with Euclidean invariant kernels, the derived 
random fields are then also Euclidean invariant. We call such random fields 
Euclidean random fields. From Remark 2.6, the integral kernel G a defined 
in Example 2.2 is Euclidean invariant. Moreover, since the translation in- 
variance implies that the integral kernels are of convolution type, the cor- 
responding Euclidean random fields are convoluted generalized white noise. 
We simply denote the convoluted generalized white noise X by X := G a *F. 
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3 The Schwinger Functions of the Model and their 
Basic Properties 

In 1973, E. Nelson [53] showed how to construct a relativistic quantum field 
theory (QFT) from an Euclidean Markov field. Inspired by this, in [56] and 
[57] Osterwalder and Schrader (see also [36], [42] , [72]) gave a set of axioms, 
where Schwinger functions {S n } ne ^v defined on the Euclidean space-time 
Ed can be analytically continued to Wightman distributions, i.e. to the 
vacuum expectation values of a relativistic QFT. (Here and in the following 
we use the "sans-serif S ra for Schwinger functions in general, whereas the 
Schwinger functions of our concrete model are denoted by "italic" S n .) 

Apart from existence of an analytic continuation, these axioms are (EO) 
Temperedness, (El) Euclidean invariance, (E2) Reflection positivity, (E3>) 
Symmetry and (E4) cluster property. In the case of Euclidean Markov fields 
and also in the more general case of Euclidean reflection positive fields [33], 
Schwinger functions fulfilling (E0)-(E4) are obtained as the moments of the 
Euclidean field. 

In this Section we will calculate the "Schwinger functions" S n of X, 
which are by definition the moment functions of the convoluted generalized 
white noise X. We will verify (EO), (El) and (E3). A proof of (EA) is given 
in Section 4. In section 5 a partial negative result on (E2) is derived for the 
case of convoluted generalized white noises with a non-zero Poisson part. 

We now fix a Levy characteristic ip, such that the Levy measure M 
has moments of all orders. With F we denote the generalized white noise 
determined by ip. 

Lemma 3.1 Let Cp denote the functional which maps ip <E S(M d ) to 
Jjjd il)(ip(x))dx. Then partial derivatives of all orders of Cp exist every- 
where on S(M d ). For <pi ■ . . <p n E S(M d ) we get that 




I <pi... (f n dx 
M d 



(19) 



Here we introduced the constants c n defined as 
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As it will be explained shortly, throughout this paper the superscript "T" 
stands for the operation of "truncation" (cf. [41]). 

Proof. Since the differentiability of </? — > ia Jj^d cpdx and </? — > 
IT JiR d is immediate, we only have to deal with the Poisson part of 

ip. We remark that \e iy — 1| < \y\ for all y £ M. Therefore 

!| e Mfo>(*)+*ivi(*)] _ e wv(*)| < | S¥ >i(a;)| , 

for all ti > 0, s £ M. This shows that the LHS is uniformly bounded (in t±) 
by a function in L x (iR \ {0} x M d , dM £3 (ix)-function. Analogously, for all 
t n > 0, 

l| s "-Vi(x) . . . ^ n _ 1 (x)(e is ^W +t «^W] - e^)| < . . . ^ n (x)| , 

tn 

and again the RHS is an uniform L 1 (M \ {0} x M d , dM (g> cfe) -bound. Thus 
we may interchange partial derivatives and integration by the dominated 
convergence theorem: 



/ / (e^-l-^)dM(s)da 
jR d J mm \ l + s 2 J 



1 d n 

i n d(fi . . . d(p n J]R d JlR\{0} 

= 11 e is ' p <p 1 (x)...<p n (x)s n dM(s)dx 

JR d J]R\{0} 

if n > 2 and 



e^'cpUx) ^dM(s)dx 

M\{0} 1 + S z 

if n = 1. Setting <£> = and taking into account the linear and Gaussian 
part, we get (19). ■ 

We have Cp = expCj. Consequently Cf has partial derivatives of any 
order, and it follows, that all moments of F - i.e. the expectation values 
of < ipi,F > . . . < (f n ,F >, exist and are equal i~ n times the n-th order 
partial derivative of Cf w.r.t. ip\ . . . (p n at the point <p = 0, cf. [51]. 

Definition 3.2 Let ip\...ip n G S(M d ). We define Mjf , i/te n-i/i moment 
function of F, by 

M£(<pi®...®(p n )= <tp 1 ,co> . . . < <p n ,w >dP*{u) (20) 

JS'(lR d ) 
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By the above remark this equals 

1 d r ' 



i n d(f \ . . . dip, 



-C F |o (21) 



In order to calculate partial derivatives of Cf of any order we need a 
generalized chain rule: 

Lemma 3.3 Let V be a vector space. Let g : V — > € be infinitely often 
partial differentiable and let f :€ \— >€ be analytic. Then for v\ . . . v n G V 



k=i i e p( n Hh-ji}ei 3i n 

holds on V . Here pj^ is the collection of partitions of {1 . . . n} into exactly 
k disjoint subsets, f( k \x) = (j^/) (x). 

Proof. We proceed by induction over n. The statement for n = 1 is 
Leibniz' chain rule. Observe that 

gn+1 

J 



dvi... dv n dv n+ i ' 



' 'E/ (fe) °s E II 



dv n+ \ I , . , 11 1 , dv\ . . . dvi 

= ±{f< k+ "° s E n jr-^rir^- 

,A , , , . ■ LX , , ovj, . . . ovj, ov n+ i 



+f (k) ° 9 e e n 



c? z <7 d l+1 g 
' . ^ . ^u.-i . . . dv.-i <9v 7 ™ . . . dvjjndv n+ i 

n) m=l !=l,j^m Ji J; Ji J; 



We denote / G by / = {ii, . . . , and set Li = {j\, . . . j\} (where, 

of course, I depends on i). Using collections of partitions vj^ +1 \ we can 
"reindex" the sums in the latter expression and get: 



±{f (k+i) °9 e n 



d l g 



I x Ie p(^) t{n+1}eI {h...h}ei dv ^'-- dv ^ 

i. 



/eP^ +1) ,{n+i}^/Oi-Ji}e/ Jl J " 
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= e{/ Wo ' e n 

+f (k) °9 E n ^ 



7eP^" +1) {n+l}0/O'i-Jl}6 J 



^ji • • • 



On the RHS we have also reindexed A; + 1 in the first sum in the braces to k 
with the sum ranging from 2 to n + 1. Since the only partition in P{ , 
{{1, . . . , n + 1}}, does not contain {n + 1}, we may sum from 1 to n + 1. 
Similarly in the second sum we may extend the sum from k = 1 ... n to 
k = 1 . . . n + 1, since Pf^fi^ contains only {{1}, ... ,{n + 1}} and thus gives 
no contributions to this sum. But the last expression obtained obviously 
equals (22) with n replaced by (n + 1). ■ 

We remark that for the case of only one variable v = v\ = . . . = v n we 
get Faa di Brunos expansion formula [46]. 

Corollary 3.4 (Cumulant formula) Let V,g as in Lemma 3.3 and let f be 
the exponential function. Furthermore assume 5(0) =0. Thenf^og(0) = 1 
for all k € IN. Let P^ stand for the collection of all partitions I of {1 . . . n} 
into disjoint subsets. It follows that for v±, . . . , v n G V we get: 

Qll Ql 

— — exp<?| = £ J] ^ dv-9\o ■ (23) 

Corollary 3.5 (Wick's Theorem) Let f be the exponential function and g 
a quadratic function on a vector space V, i.e. g(tv) = t 2 g{v) for all v G V . 
Then by Corollary 3.4 



d n i E II a 9 1 — lo for n even 

dvi ... dVn 6XP5 l°= lepaTringsin^ei dv ^ ( 24 ) 
I for n odd 

Here the pairings are those partitions I of {1 . . . n}, where all subsets in I 
do contain exactly two elements. This follows from the fact that all partial 
derivatives of g are zero, except for partial derivatives of order 2. 

Proposition 3.6 Set y x . . . <p n e S{M d ). Then 

M£((p 1 ®...®<p n )= J2 II ci l(p jl ...ip jl dx (25) 
/eP(") {h-ji}ei Jn 
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Proof. (25) follows directly from (21), Cp = expCj, Lemma 3.1 and 
Corollary 3.4. ■ 



Remark 3.7 Choosing a in (20) such that c\ = implies that F has mean 
zero. If furthermore M is a symmetric measure w.r.t. reflections at zero, 
then all c n vanish for n odd. For such n also is zero , since in this case 
at least one c\ with I odd appears in every summand on the RHS of (25). 

We now fix, as in section 2, a linear continuous map Q : S(M d ) — > S(M d ) 
and denote its dual by Q. Furthermore, we assume that Q is Euclidean 
invariant. Then there exists a convolution kernel G which is invariant under 
orthogonal transformations, such that Qip = G * tp for all ip € S(M d ) (cf. 
Section 2). Define, as explained in section 2, Pq = P$ ° (G)^ 1 and let X be 
the coordinate process w.r.t. Pq. 

Definition 3.8 ("Schwinger functions of X") Set ipi . . . <p n G S(M d ). We 
define the n-th Schwinger function S n as the n-th moment of X, i.e. 

S n (<Pi ® ■ ■ ■ ® <Pn) = / < ifi,LO > . . . < ip n ,uj > dP G (uj) n e N (26) 
JS'(]R d ) 

Proposition 3.9 The Schwinger functions S n defined above are symmetric 
and Euclidean invariant tempered distributions, i.e. S n £ S'(M dn ) forn > 1. 
Furthermore for ip\ . . . ip n G S(M d ) we have 

S n (<Pi ® ■ • • ® <fn) = E II ci IG * (p jl . . .G * tfj^x . (27) 
lePW {h-ji}ei Jm 

Proof. The symmetry follows directly from Definition 3.8. Euclidean 
invariance of the moment functions follows from the Euclidean invariance in 
law of the random field X. 

Now we first prove (27). By the transformation formula, the RHS of (26) 
is equal to 

/ < (pi,Qu > . . . < ip n ,G~u > dPAu) 

JS'(IR d ) 

= I < G * <pi,LO > . . . < G * (p n ,u > dP^hioj) 

JS'(IR d ) 

This together with Proposition 3.6 now implies (27). 

Concerning temperedness we remark that by (27) S n is a sum of ten- 
sor products of linear functionals, say Sf, which map ipi <g> . . . (g) ipi into 
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q J M d G * (fi . . . G * ipidx. Fix ipi . . . (pj-\(pj + \ . . .ipi G S(M ). Then ipj t— > 
G * ipi i-> G * <fj Um=i,m^j G *Vm ^ c t f^d G * w . . . G * ipidx is a map 
composed of 5(iR rf )-continuous mappings and therefore is continuous in <pj 
alone, provided the other 93's are fixed. A use of Schwartz nuclear theorem 
yields the temperedness of the Sf and a second application of the nuclear 
theorem then implies S n G S'(M d ). ■ 

4 Truncated Schwinger Functions and the Cluster 
Property 

In this section, let {S n } ng ^v be a sequence of distributions, where So = 1 and 
S n G S'(M dn ) for n > 1. We define truncated distributions S^ n > 1 in the 
sense of Haag [41]. The {S n } ngiV determine the corresponding sequence of 
truncated distributions uniquely and vice versa, and we can translate many 
properties of one sequence into properties of the other. This is quite obvious 
e.g. for (EO), (El) and (E3). 

Making use of arguments in the classical papers on the so-called asymp- 
totic condition in axiomatic QFT ([41], [22], [23], [48]) we obtain the equiv- 
alence of the cluster property (£4) of translation invariant {S n } n6 jv an d 
the cluster property of the truncated Schwinger functions {S^} rae ^v. 

As an immediate consequence of formula (27) we have explicit formulae 
for the truncated Schwinger functions of our model and we can easily check 
their "truncated" cluster property in order to verify (E4). 

Definition 4.1 Let {S n } ng ^y be a sequence of distributions with So = 1 
and S n G S'(M dn ) for n>\. Let <pi . . . ip n G S(M d ). By the relation 

s n ((p! ® . . . ® <p n ) = j2 n sffoi®---®^-.) ( 2§ ) 

JeP(«) {ji-ji}ei 

we recursively define the n-th truncated distribution S^. Here, for 
{ji, ■■■Ji}elwe assume ji < j 2 < ■ ■ ■ < ji- 

Remark 4.2 1. By the Schwartz nuclear theorem the sequence {S n } ngJV() 
uniquely determines the sequence {S^} ngW and vice versa. 

2. All S^ are Euclidean (translation) invariant if and only if all S n are 
euclidean (translation) invariant. The same equivalence holds for tem- 
peredness and symmetry (see e.g. [22] for the symmetry) . 
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From now on we assume at least translation invariance for {S n }„ e jv > 
{S^} rae jv respectively. And we will call these distributions (truncated) 
Schwinger functions, even through at this level they might have little to 
do with QFT. 

Definition 4.3 Let a € M d ,a / OAG JR. Let T\ a denote the representation 
of the translation by \a on S(M dn ), n € IN. Take m,n > 1, ipi . . . <p n +m £ 
S(M d ) 

1. cluster property (EA) A sequence of Schwinger functions {S n } nG ^v 
has the cluster property if for all n,m>l 



lim <^ S m+n ((fi ®...(p m ® T Xa ((f m+l <g) . . . <g> ipm+n)) 
- S m (<y9i (g)... tp m )S n ((p m+1 ® . . . <g) ^m+n)| =0. (29) 

2. cluster property of truncated Schwinger functions (EAT) A 
sequence of truncated Schwinger functions {S^} ragJV has the cluster 
property of truncated Schwinger functions, if for all n, m > 1 



lim S^ +n ((£i ®...®ip m ® Txa{<Pm+l ® . . . <8> Vm+n)) = (30) 

Remark 4.4 We could also replace lim,\_ i . 0O (-)m (29) and (30) by 
lim^oo |A| JV (-) for N arbitrary. Such conditions should be seen as cluster- 
properties for short-range interactions. Indeed they would exclude the mass 
zero cases. Take e.g. the free Markov field of mass zero X = (— A)~zF 
in d dimensions, d > 3, where F is a Gaussian white noise. Then (29) 
and (30) tend to zero only as \~ d+2 , as A — > oo. Nevertheless, by the same 
proofs as in Theorem 4-5 and Corollary 4-7 below we can also show that the 
Schwinger functions of our model have the "short-range" cluster property. 
This already indicates the existence of a "mass-gap" in the corresponding 
relativistic theory, obtained by the analytic continuation of the (truncated) 
Schwinger functions in Sections 6 and 7. 

The following result is the Euclidean analogue to one proven by Araki 
[22], [23] for the case of (truncated) Wightman functions. 
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Theorem 4.5 Let {S n } ne jV; {$n}neiN be as in Definition 4-1 and let the 
{S n } ng iv , {S^} n6 jv be translation invariant. Then {S n } ne ^v has the clus- 
ter property, if and only i/{S^} rag jv has the cluster property of the truncated 
Schwinger functions. 

Proof (EA) =4> {EAT) Assume there exist m, n > 1, such that </?i . . . </>n+m 
G S(M d ) and a a G iR d \ {0}, such that the limit in (28) is not zero or does 
not exist. Let furthermore n + m be minimal w.r.t. this property. 

Define = (fk for A; = 1 . . . m and = T\ a ipk for A; = m + 1 . . . m + n. By- 
translation invariance the LHS of (29) is then equal to 

Km £ I] Sf(^®...®^) 

The symbol -fnl^ 1- " - ^ stands for all partitions / of {l...n + m} into 
disjoint subsets, such that in each partition / there is at least one sub- 
set {ji, ...,ji}el such that {ji, . . . , ji} n {1 . . . m} ^ 0, {ji, . . . ,ji} D{m + 
1 . . . m + n} ^ 0. By the assumption (EA), the above expression equals zero. 

Furthermore, every summand except for the one indexed by I = {{1 . . . n+ 
m}} tends to zero, since in each such summand at least one truncated 
Schwinger function in the product is evaluated on some </?£'s 1 < k < m 
and some ip^s m + 1 < k < m + n, at the same time. By the minimality of 
n + m this factor tends to zero as A — ► oo. The other factors in the product 
either tend to zero (by minimality of n + m) as A — > oo or are constant, 
either by the definition of the for k = 1, ... ,m or by the translation 
invariance of the 

Consequently also the summand indexed by/ = {{l,...,n + m}} has 
to converge to zero as A — > oo, which is in contradiction with the above 
assumptions on n, m. 

(EAT) (EA) Fix <pi . . . (p n+m and define as above. Then 



lim S m+n (<p$ ® . . . ® <Pn+n) 

= A lsJ E II sf^®...®^) 

^e(Pi m + n) ) c {ii-Ji} e/ 

+ e n sr^®...®^)}, 
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where (Pi m „ +n) ) c := p( m + n ) \ P^+ n) . In the second term all products 
contain at least one factor that tends to zero as A — > oo by [EAT). The other 
factors are constant (either by the definition of the 92^ or by the translation 
invariance of the Sf ) or tend to zero by (EAT), again. Thus, the whole 
second sum vanishes for A — > oo. 

In the first term all are evaluated on tp^ . . . tp j such that either 
{ji • • • jl} C {1 . . . m} or C {m + 1 . . . m + n}. It follows from the defi- 
nition of the (ffc or the translation invariance of the Sf, that all factors do 
not depend on A. In the first term, we may omit the A's therefore. The first 
term by this argument equals 



e n sfo^®...®^) 

vr e p(m) {h-ji}ei 

x E II S T (fh+m ® • • • ® Vn+m) 
\/gp(«) {ji-ji}ei 

(ipi <8> . . . ® (ipm+l ® • ■ ■ <8> <£>m+n) , 

from which we get (29). ■ 

Remark 4.6 Lei {<Sn} n £jv defined according to Definition 3.8. Let 
{^n }neJV denote the sequence of truncated Schwinger functions. Then, of 
course, by comparison of (28) and (27) we get 

S n(<Pi ® ■ ■ ■ ® ¥>n) = c„ / G * 9?i . . . G * ^ n dx (31) 

/or tpi.-.tpn eS(JR d ). 

Corollary 4.7 Lei {S n } ne]No be as in Definition 3.8. Then {S n } n&]No has 
the cluster property (EA) . 

Proof. By Theorem 4.5 it suffices to show (EAT) for {Sj} ne jv Fix 
a ^ in M d and let A € M d , <fi . . . (f n +m & ■S(M d ), m, n > 1. We have 

lim S^+J^i (8) . . . <g> 99 m T Aa (^ m+ i (8) . . . <8) <p m+n )) 
= lim c m+n / G*<pi...G* (p m G * T Xa p m +i ■ ■ ■ G * T Xa ip m+n dx 
= lim c m+n / G * ifi . . .G * (p m T Xa (G * (p m+ i . . . G * (p m+n )dx 
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On the RHS we shift away a fast falling function G * <p m +i . . . G * (p m +n 
from the fixed fast falling function G * ip\ ... G * (p m . The RHS therefore 
approaches zero faster than any negative power of A falls to zero. ■ 

5 On Reflection Posit ivity 

In Section 4 we saw that many properties of Schwinger functions can be 
directly translated into related properties of truncated Schwinger functions. 
How about reflection positivity then? 

Let us first discuss a simple related case. If denotes the Fourier- 
transform of a probability measure [i on the real line, and is analytic 
in a neighborhood of zero, then the derivatives of fulfill the positivity 
condition 

\ i n dx n i dx 

for all ao • • • a n £ JR. This is related to (E2). Now suppose, that = 
exp(Cj) and consider = exp(ACj). Schonbergs theorem (see [27]) says 
that is positive definite for all A <G M+ if and only if Cj is a Levy charac- 
teristic cf. section 1). One can show, that the derivatives of Cj at zero (the 
cumulants or " truncated moments of /x" ) fulfill the same positivity condition 
(32) if we set ao = 0, since a Levy characteristic can be approximated by a 
sequence b n — C n (0) + C n , where for n € IN C n is a positive definite function 
and b n > (cf. [27]). On the other hand, if we can disprove one of the latter 
positivity conditions, we will, as a consequence of Schonbergs theorem, find 
some A € M + such that is not positive definite and therefore (32) does 
not hold for some A, n, ai I = 0, . . . , n. 

Along these lines we now construct some counter examples of convoluted 
generalized white noises X = G * F with nonzero Poisson part, which do 
not have the property of reflection positivity. It is interesting that such 
X do exist even in such cases where the corresponding convoluted Gaussian 
white noise is reflection positive. Roughly speaking, the Schwinger functions 
{S n }n£iN belonging to X do not have the property of reflection positivity, 
if the terms in the S n emerging from the "interaction" are large in compar- 
ison with the "free" terms. It remains an open question, whether reflection 
positivity holds or does not hold in other cases. 

Let us start with some definitions borrowed from the theory of infinitely 
divisible random distributions. 



J C„ | > (32) 
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Definition 5.1 Let {S n }„ e jv , S ra G S'(M dn ) n > 1, S = 1 be a sequence 
of distributions and {S^} ragJV the corresponding truncated sequence. ByLR% 
we denote the set of x G iR d x = (x°,x) G M x iR d_1 x° > 0. Lei S((iR+) n ) 
6e £/ie Schwartz-functions on M dn with support in (iR^) n . 6 is the "time- 
reflection", i.e. 9(x°,x) = (—x°,x). 

1. We call {S n } ne]N reflection infinitely divisible if for all A G iR+ the 
sequence of Schwinger functions {S^} nGW() determined by the truncated 
sequence {AS„} rag jv is reflection positive. 

2. We say, a sequence of truncated Schwinger functions {S^} ng jv is con- 
ditional reflection positive, if for test functions ip^ G S((M+) k ), k = 
1, . . . , n the inequality 

n 

£ Sj^OVk ® > (33) 
fc,/=i 

holds. 

Observe that the sum in (33) is over k, I = 1 . . . n, which distinguishes 
conditional reflection positivity from reflection positivity (E2), where the 
sum is over k, I = . . . n and po G M. 

Remark 5.2 The positivity-condition introduced here is a little more strict 
than the original positivity-condition in [56]. Here we demand "positivity" 
of the Schwinger functions {S n } n€]No for test-functions <pk G S((M d l _) k ) 
k = 1 . . . n (po G M instead of ipk G S +< ((M d ) k ) k = l...n, which is 
the original condition from [56]. Here S +< ((M d ) k ) is the space of all test 
functions with support in (lR+) < = {{x\...Xk) G M dk Xj = (x®,Xj) j = 
1 . . .2 < x® < . . . < Xfr}. Since the latter space is contained in the former, 
our condition is more strict. 

But in the present case, they are equivalent: The reason is that for a large 
class of convolution kernels G the Schwinger functions S n belonging to X = 
G * F (cf. section 3), are more regular than tempered distributions namely 
they are locally integrable functions (cf. Lemma 7.7). One can therefore 
evaluate such S n on test functions with "jumps". Thus, by application of 
symmetry, we may calculate for p^ G S((M+) k ), k = 1 . . . n, (po G M: 

n 

S k+j{ 0l Pk <8> <Pk) 

k,j=0 
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n 

= E E E s k+Mh*i (1) <---<*i (k) }^ 

k,j=o 7r 6 Perm(k) ir'e Perm(j) 
®(V, m <---<A,,}^)) 

ir'(l) t'(3) j 

n 

= S k+j(8<Pk ® <Pj) , 

k,j=0 

where Perm(k) is the group of permutations of {1, . . . , k} and (p k is defined 
as 

(f) k {xi,...,X k ) := l {x0i< _ <x o } (xi,...,Xfc) ^{Xn-l (I),--- Xv-l(k)). 

we Permik) 

Now the functions <p k can be approximated by functions from S +< (M dk ) 
and by application of the dominated convergence theorem we can derive the 
sharpened reflection positivity condition (E4) from the original one of [56]. 

Lemma 5.3 Let {S Tt } ng jv an d {S„}nGjv be as in Definition 5.1. If 
{S n } ng jv is reflection infinitely divisible, then {S^} ng ^v is conditional re- 
flection positive. 

More precisely: If {S^} ne ^v is not conditionally reflection positive, then 
there exists a Ao > 0, such that for all X, < A < Ao, the sequence of 
Schwinger functions {S^ t } rae jv is not reflection positive. 

Proof. Suppose, {S^} nG ^v is not conditionally reflection positive. Then 
there are test functions (pi...<p n as in definition 5.1 such that the LHS of 
(33 ) is negative. Since 

n 

= E s fc+i(^fc ® vi) < o 

k,l=l 

there exists a Ao > such that for all A , < A < Ao , also the LHS of the 
above equation is negative. This implies the statement of the lemma. ■ 

Remark 5.4 Provided a quite weak growth condition in n is fulfilled by 
the {S^jnew and the S„, are symmetric, we also have: If {Sj^neiN is 
conditional reflection positive then {S n } ne jv is reflection infinitely divisible, 
(see [38]). 

Prom now on we want to impose some restrictions on the kernel G. These 
restrictions are typical for the Green's functions of a large class of (pseudo) 
differential operators. 



lim 



E s k+i( e( Pk 



tpi) 



k,l=l 
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Condition 5.5 We want to consider kernels G that are continuous, real 
functions on M d \{0}, and have a singularity at the origin, i.e. limui^o G(x) 
= ±00 and fall to zero as \x\ — > 00. Furthermore assume that the mapping 
f ^ G * f is well defined and continuous from S(M d ) to S(M d ). Finally, G 
is assumed to be invariant under orthogonal transformations. 

Remark 5.6 Of course, the Green's functions of the pseudo differential op- 
erators (—A + m 2 ) a , a £ (0, 1), fulfill Condition 5.5 (see e.g. the represen- 
tation we give in Section 6). 

Definition 5.7 Let ip £ S(M d ^). For x G M d we write (x°,x). Define 
ip s (x) = \(p{x) for x° > and (p s (x) = \<-p{6x) for x° < 0. Let (p a = 
sign(x°)tp s . By q((p) we denote the function 

q((p) = G*9ifG*if = (G* <p s ) 2 — (G * p a ) 2 . (34) 

Clearly (f s ,(p a and q(*-p) are fast falling functions. For cpi,...,(p n G 
S(M d + ) we get by the #-invariance of G and the definition of q: 

S 2n(8(<Pi ® ■ • • ® <Pn) ® <pi ■ ■ ■ <S> (fin) = 2c 2 „ / q(<pi) . . . q((f n )dx . 

JIR d + 

We concentrate on 

C +2 (#« n ® <&) ® < n ® V2) = 2c 4 „+2 / „ {q(^i)? n q(f2)dx (35) 

JIR d + 

and try to choose <pi,<f2 6 S(M d ) such that the RHS of (35) is smaller 
than zero, provided c^ n+ 2 > 0. To this aim, we at first need to proof some 
technical lemmas. 

Here and in the following B e (x),x £ M d shall denote the open ball of 
radius e around x. 

Lemma 5.8 Fix x° > and let x = (x°,0) € M d . Then there exists a 
function (f2 € <S(iR+) and an €2 > such that q((f2) < on B e2 {x). 

Proof. q(<p)(y) is continuous in y for all 92 € S(M+). Therefore it 
suffices to pick a (f2 s.t. q((f2)(x) < 0. The existence of an €2 follows. 
Define continuous linear functionals F^ on S(M+) by 

F ± -.f^ [ G(x T y)f(y)dy. 

JIR d 
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F + (y) on M\_ has a singularity in y = x, but F~(y) has none. It follows, 
that F + and F~ are linear independent and so are F s := F + + F~ and 
F a := F + — F~ . Consequently there is a function ip2 € kernel(-F s ), (f2 
kernel(-F a ). It follows fom equation (34), that 

qM(x) = (FV2) 2 - {F a V2? = -{F a V2? < 



Lemma 5.9 Let x € IR d + , x = (x°,0) such that G((2x°,0)) / 0. For every 
€2 > £/iere exist a function (pi € S(2R+) and an e±, €2 > ei > 0, m suc/i a 
way, that \q(<fi)\ > 2 on B ei (x) and \q(<fii)\ < \ on \ B e , 2 (x). 

Proof. First we investigate what happens, if we take S x , the Dirac 
measure with mass one in x, as a "test function": 

q(5 x )(y) = G(y-Qx)G(y-x). 

G is continuous on M d \ {0} and G((2x°,0)) ^ 0. It follows, that q(S x ) on 
iR+ has a unique singularity in y = x, i.e. limi x _ y i_^o \q(^x)(u)\ = 00, and 
is continuous on IR\_ \ {y}. Now let S PjX G <S(1R+) be an approximation of 
S x , i.e. S PtX — > 5 X for p — > 0. Then |g(<5p j3; )| takes arbitrarily large values 
in a neighborhood of x for p — > 0. At the same time, on \ B ei (x) 
\q(S p ,x)\ is bounded uniformly in p by a positive constant, say y. Choose 
e±, < ei < €2 small enough, so that \q(S PjX ) \ > 2D on B ei (x) for some small 
p. Fix such a p and let <pi = D~i5 P:X . Then tpi and ei fulfill the conditions 
of the lemma. ■ 

We are now able to construct very sharp maxima for the functions 
|q((^i)| 2n on arbitrarily small neighborhoods B ei (x) of certain points x. 
Moreover, we can also achieve that |g((^i)| 2ra takes very small values out- 
side a ball B e2 (x). Of course, now we want to enforce the "negative spot" 
of q(f2), detected in Lemma 5.8 through multiplication by an adequately 
chosen \q(<pi)\ 2n - 

Lemma 5.10 It is possible to choose <pi,<p2 £ «S(JR+) and n £ IN, such 
that the integral on the RHS of (35) takes a negative value. 

Proof. Fix x = (x°,Q) as in Lemma 5.9. According to Lemma 5.8 there 
exists a function 992 G <S(iR+) and an £2 > such that q(<p2) < on B €2 (x). 
Furthermore choose <pi € <S(iR+) fulfilling the conditions of Lemma 5.9 with 
the above fixed €2,x. Now 
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JIR d + 

\JM^\B €2 (x) J B e2 (x)\B ei (x) JB €1 (x)J 

<2- 2n [ \q(<p 2 )\dx-2 2n [ \q(ip2)\dx 
JIR d + JB n (x) 

It is clear, that for n large enough, the RHS of this inequality becomes 
negative. ■ 

The derivation of this section's main result is now easy. 

Proposition 5.11 Let G fulfill Condition 5.5, andif) be a Levy-characteristic 
with non-zero Poisson part and a Levy-measure M , such that all moments 
of M exist. Let F x denote the noise determined by Xtp, A > 0, and let 
X x = G * F x in the sense of Section 2. Then there exists a \q > s.t. for 
all X, < A < Ao, the Schwinger functions of X x given by Definition 3.8 
are not reflection positive. 

Proof. Since C4„+2 > for a ip with M ^ 0, equation (35) together 
with Lemma 5.10 imply that conditional reflection does not hold for the 
truncated Schwinger functions of X = G * F 1 . Therefore, Proposition 5.11 
follows from Lemma 5.3 . ■ 

Remark 5.12 We assume — and in the next section we will present some 
examples — that at least the 2-point function S2 = Sj of a convoluted 
generalized white noise with mean zero is reflection positive. Furthermore 
we may choose the Levy measure M of ip symmetric w.r.t the reflection at 
0. In this case all Schwinger functions S n , n odd, vanish (cf. Remark 3.7). 

We choose A > 0. By scaling the test functions in the reflection positivity 
condition (p G M h-» ip G M, <p k € 5((iR^) fc ) ^ \ k / 2 ip k G for 
k = 1, . . . , n, we get that the sequence of Schwinger functions {S^ine^Vo ^ 
reflection positive (fulfills the Osterwalder-Schrader axioms) if and only if 
the sequence of Schwinger functions {S^jneJVo defined by S x := \~ n / 2 S x is 
reflection positive (fulfills the Osterwalder-Schrader axioms) [56]. 

Take (fi ■ ■ ■ </?2n £ S(M d ) and write 
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E II SfW^Vja) 

Je pairings {jid-ijel 
n-l 

+ E Afc ~" E II 

fe=l Jg p(2n) {jL.^je/ 

For A Zarye iue may interpret as the 2n-point Schwinger function 
of a "perturbed" Gaussian reflection-positive random field with covariance 
function Sj ■ The "perturbation" is a polynomial without a constant term of 
degree n — 1 in the "coupling constant" A -1 . In Proposition 5.11, we have 
shown that the reflection positivity breaks down if the "coupling constant" 
A -1 is larger than a certain threshold Xq 1 . It remains an open question 
what happens if A -1 is small. We will not study this problem here. 

On the first look, Proposition 5.11 may be discouraging. The lack of 
reflection positivity in the general case leads to some difficulties in the phys- 
ical interpretation of the model. In the " state space" of the reconstruction 
theorem in [56] in general we may find some "states" with negative norm. 
A straight forward probabilistic interpretation is therefore difficult in this 
case, since "negative probabilities" would occur. 

Nevertheless, even for the case of a large "coupling constant" A" 1 , some 
of the difficulties can be overcome, at least that is what we hope at the 
moment: Let us note, that in the situation of Proposition 5.11 the obstruc- 
tions to reflection positivity come fom the higher order truncated Schwinger 
functions. In Section 6 and Section 7 we analytically continue the trun- 
cated Schwinger functions "by hand". The truncated Wightman distribu- 
tions obtained by this procedure fulfill the spectral condition of QFTs with 
a "mass-gap", Poincare invariance and locality. From Haag-Ruelle theory 
(see e.g. p. 317 of [61] Vol. Ill), we know, that such truncated Wightman 
distributions of order n > 3 do not contribute to the norm of a state ap- 
proaching the asymptotic resp. scattering region x° — > ±oo, because of the 
short range of the forces involved (in the case of a QFT with a " mass-gap" ) . 
Therefore, if stable one particle states exist (take e.g. our model X = G a *F, 
where a = \) the pseudonorm of the states approaching the scattering re- 
gion should get positive. (For a precised discussion in a special case, see 
Subsection 7.6). 
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6 Analytic Continuation LLaplace— Representation 
for the Kernel of (-A + raf)" a , ae(0, 1) 

In this section, we will give a representation of the kernel (—A + TOq) _Q! , for 
mo > and a G (0, 1), in terms of a Laplace transform (which is specified 
later on). In [18], an analytic continuation of the kernel associated with the 
pseudo differential operator (—A)" 1 (corresponding to the case that mo = 
and a = 1) was obtained, the starting point of which was a representation 
of the kernel of (A) -1 as a Laplace transform. In [13], based on the same 
representation of (A)^ 1 , an analytic continuation of the (vector) kernel of 
<9 _1 was derived, where d is the quaternionic Cauchy-Riemann operator. 
This section should be regarded as an introduction to the next section, 
where we extend the methods concerning analytic continuation of Schwinger 
functions of random fields in [13] and [18]. It is also interesting to extend 
our approach here to the case of vector kernels including the case of mass 
mo > 0. We intend to investigate this problem in forthcoming papers. 
We notice that the kernel of (— A + Wq)"" is given by 

G a ( X ) = (2*)-' m 2 + m 2 )a dk , x E ]R d (36) 

which is the Fourier transform of a tempered distribution (see Example 2.2). 
The idea we will realize here is that we represent the integral (36), which 
is over the conjugate variable k° on the real time axis (i.e. , the fc°-axis in 
k = (k°, k) G M x M^ 1 ), by an integral over (a part of) the upper half part 
of the imaginary axis ik° (thus the /c°-axis being replaced by an imaginary 
axis) so that the above Fourier transform goes over to a Laplace transform. 

For simplicity of exposition, we assume first that d = 1. We want to 
evaluate the integral 



f 

j — i 



— —<lk . r i //)' (37) 

by some complex integral. This can be done by a contour integral around a 
branch point as follows. 

We denote by log the main branch of the complex logarithm which is 
holomorphic onC \ (— oo, 0]. Set 

[iz + mo)~ a = fi(z) = exp{— a\og{iz + mo)}, z Gd7 \ i[mo, oo); 

(—iz + m )~ a = f 2 (z) = exp{-alog(-iz + mo)}, z GC \ i(-oo, -m ]. 
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Fig.l:The closed complex contour C stays inside the domain 
of holomorphy of the function h. It is composed of the parts 
Co , • • • , Ct, ■ 



Clearly, /i and fa are holomorphic functions on the indicated domains, 
respectively. Therefore, for arbitrarily fixed x € M 

h(z) :=e lzx h{z)f 2 {z) 

is a holomorphic extension of the function k £ M — > 7pq~gj5 £ which 
is defined on the real line, to the domainC \ {iy : y € M, \y\ > mo}. Take 
C CC \ {iy : y £ M, \y\ > tuq} as indicated in Fig 1. By the well-known 
Cauchy integral theorem, we get 



h(z)dz = . 



On the other hand 



r j-t e ikx 5 . 

L h{z)dz = L W^r dk + g 4 h{z)dz ' 



the curves Cj being as in Fig.l. 
Thus we have derived 



-dk 



-t (k 2 + mg) Q 
Moreover, we have the following result 



(38) 
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Lemma 6.1 For every a G (0, 1) and x > 

) (k 2 +ml) a v ' 



-dr 



TO 



IJlr 



(39) 



Proof. We remark at first that for any fixed x G M, 



„ikx 



-dk = lim 



Akx 



-dk , 



,{k 2 + ml) a t^oo J_ t (k 2 +ml 

where by Leibniz criterion the right hand side converges for every a > 0. 
Thus we should analyse each curve integral on the right hand side of (38). 
We shall use polar coordinates for each integral. 

1. Using the polar coordinate representation z = re 1 ^, r > 0, — ^ < (3 < 
^, C\ = {(r, P) : r = t,0 < (5 < Pi}, we have the following derivation 
for x > and pi G (0, § ) 



/ h(z)di 
JCi 



f 1 tie ip e ixte ^ fi(te^)f 2 (te i/3 )dp 
Jo 



Jo 



e 2if3 + ^ 



-xi sin/3 



l + 2(^a) 2 cos2/3+ (^) 4 



-dp 



< t 



l-2a 



< t 



l-2a 



m 



mo 
t 



—xtsin 



?d(3 



I rsm/3! 



COS Pi Jo 



e xtr dr 



g— xt sin f}\ 



Xt 2a 





1 - (^)Tcos/3i 



as t —i- oo. 

2. Analogously, using the representation z = re l/3 , r > 0, — ^ < P < |, 
C5 = {(r, /3) : r = t, —ir — Pi < P < — it}, we have for any arbitrary 
fixed pi € (0, f ) 
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■fc 5 



h(z)dz 



as t 



oo. 



3. Using the polar coordinates representation z = irriQ + ire %p , r > 0, 
< (3 < 2vr, C 3 = {(r, /3) : r = s, /3 2 < /9 < 2vr - /? 2 }, we have for any 
fixed /3 2 € (0, f ) and s < mo that 



< 



2x-f3 2 e i{im +ise % P)x 
2-7r-/3 2 q l— a p —(m+s cos /3)x 



(4m 2 , + 4ms cos (3 + s 2 ) 2 

/■27T-/32 p -{m-s)x 

s l - a / « d/3 

J/3 2 (2m — s) 2 

s 1 -"(2vr - 2/3 2 )e-( m " s ) :E 



d(3 



2(m — s) 2 



as s 



0. 



4. Using z = iuiQ + ire 1 ', r > 0, < (3 < 2ir, C 4 = {(r, /3) : s < r < 
ti, /3 = /3 2 } with ti = (t 2 + wiq - 2tmsin/3i)2, we have, for (3 2 G (0, f ) 
and s < 1 < t, the following derivation 



h(z)dz 

= J* 1 e i(imo+ire^)x fi ( imo + irf ,ifh) f 2 ( imQ + ire^ie^dr 

rh ^(imo+ire^x^ifc 
— / : : 6^7* 

7 S [i(imo + ire^ 2 ) + mo] a [- i(imo + ire^ 2 ) + mo] a 

= ^^2 / fa 

7 S (-re*) a (2m + re 1 / 32 )" 

^2 / ^ dr 
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Js r a 



-(m o +re i0 2)x 



, , (2m +re i ^) a 



dr 



l-a) f _ 



(2m + re*/? 2 ) 



(40) 



where we had used the representation — 1 = e - " 1 " in the fourth equality. 
Now we want to consider the limit of (40) as s — > and t\ — ► oo. In 
order to do that, by an application of Lebesgue theorem, we estimate 
the integrand in (40) as follows: 



r-ti 



I 

Js r a (2m + re i &) 

h p -(mo+r cos fo)x 



-dr 



< / 

Js r a \ 2mo 



7 dr 



+ re^ 2 \ a 

g — ( mo +r cos 02 ) x 



—dr 



, r a ^ r 2 _|_ 4 mQr cog ^ 2 _|_ 4 m 2) 2 

i e -(m +r cos p2)x 



+ 



1 / r a ( r 2 _)_ 4 mQr cos ^ 2 _|_ 4771,2) 2 



, (41) 



and 



D —(rno+r cos f3 2 )x 



s r a ^,2 _|_ 4 mor cos p 2 _|_ 4 m 2) 2 



-dr < 



< 



s r a ( r 2 + 4m 2^ 2 



-dr 



(2m ) Q J s r L 
g— moa; ^ gl— a 



(2m ) c 



1 — a 



(2m ) a (l - a) 



(42) 



as s — > 0. Moreover 



- (mo +r cos 182)2; 



— dr 



1 r a (j.2 _|_ 4 mQr cos p 2 _|_ 4771,2) 2 
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(1 + 4m cos (3 2 + 4m 2 ,) 2 Ji 

g-mox g— xcos/32 g— a;ticos/32 

(1 +4mocos/3 2 + 4mg) f xcos/3 2 

g-(mo+cos/?2)a; 

(l + 4mo cos /?2 + 4mg) ¥ x cos /3 2 



(43) 



as t\ — > oo (or, equivalently, t — > oo). Using the above facts (40)-(43), 
we see that the following limit exists and is given by 



lim 

s-+0,t->oo Jq a 



r roo g— (mo+rcosftjx- irrrsinft 

/ h(z)dz = ie^e^-^ / _ rf r . 

Now setting /3 2 — ► 0, by Lebesgue theorem again, we get 



r . roo p -(mo+r)x 

lim lim / h(z)dz = ie tna / — ; —dr 

(3 2 ^os^o,t^ooJ C4 J r a (2m +r) a 

e -rx 

>n„ (r 2 - ml) a 



ie awi [ — dr 

J m 



5. Similarly, we get 

lim lim / h(z)dz = -ie~ am \ 

h -I) s •()./ • x ./<• ■, J„ I •■- ■ ■- 



oo p-rx 

dr 



Finally, combining the above steps 1 to 5, we derive from (38) that 



/oo pikx poo p—rx 
fifr. = _ i e a7Ti — i e - aivi l 
-oo{k 2 +ml) a L " \J mo (r 2 -ml) 

roo e~ TX 

= 2sin(7ra) / ?rzdr . 

Hence we obtain (39). ■ 

Now we give the notion of Laplace transform in one variable. The def- 
inition the of Laplace transform in the multi variable case will be given in 
Section 7. 



-dr 
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Definition 6.2 Let Md denote the d-dimensional Minkowski space-time 
with Minkowski inner product < , >m- Choose eo G such that 
< eo,eo >m= 1 and let {eo, . . . , e<i-i} be « n orthonormal frame in M&. 
Let Vq be the forward light cone, namely, 

V+ := {k G M d : k 2 > 0, < k, e > M < 0}, 

and V* + its closure. We recall that M d + := {x = (x°,x) G R x m*' 1 : x° > 
0}. Notice that for x = (x°,x) G M+, the function e(x,k) := e - x ° k "+ txk 
on the forward light cone Vq + behaves as a fast falling function, i.e., there 
exists h x G §p(M d ) such that h x (k) = e(k,x) for k G Vq + . Therefore, for a 
tempered distribution f G S'(M d ) with suppf C V * + , we can define 

(Cf)(x):=<^x),f>:=<K,f>, (44) 

which is well defined since by the fact that suppf C Vq* + there is no ambiguity 
arising from the choice of h x . We call Cf the Laplace transform of f G 

s'(M d ) with suppf c y * + . 

Clearly, the Laplace transform of a test function / G <S(1R+) is given by 
the following formula 

= (2tt)-3 / e- x ° k ° +v ^f{k)dk , x G . 

Sometimes £ (e.g. in [13]) is called the Fourier-Laplace transform. Our 
definition here is close to the one given in [67]. 

The following proposition is the main result of this section, which gives 
a representation of G a in terms of a Laplace transform. 

Proposition 6.3 For a G (0, 1) and x G M d \ {0}, we have the following 
formula 



1 i (k) 

G Q (x) = 2(2vr)- rf sin(^) / e -\A#«& {^Xlfr-Hng)') ( } 

where 1 „ - „ i (/c) is i/te indicator of the subset \k = (k ,k) G iR x 
iR^ 1 : fc° > (|fc| 2 + m2)5} C iR|. 
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Proof. By (36) and (39), for x G iR+, we obtain (45) by Fubini theorem 
(cf. [38] for details on using Fubini theorem) and the following derivation 



G(x (•£ 

= wr* I 



Skx 



JR." 



= (2vr)- d 
= (2vr)- d 
= 2(27r)" d sin(7ra 



M (\k\ 2 + ml) a 

Akx 



dk 



ik°x° 



ikx 



oo (k° 2 + \k\ 2 + m§)« 
2 sin(7ra) 



dk 1 



dk 

-k°x° 



(\k\2 +m 2p (k° 2 - \k\ 2 - ml) a 



-dk b 



dk 



-k°x°+ikx {fc°>(|fc| 2 +mg)5} 



(k) 



(k° 2 - \k\ 2 -ml) a 



-dk . 



Now formula (45) results from the (full) Euclidean invariance of G a (see 
Remark 2.6). ■ 

By changing variables in (45) as (k°,k) — > ((\k\ 2 + uiq)^ , k), we get a 
" Kallen-Lehmann representation" for G a (we refer the reader to Theorem 
IX. 33 of [61] or Theorem II. 4 of [66] for the Kallen-Lehmann representation). 

Corollary 6.4 For a G (0, 1) and x G M d \ {0}, the kernel G a of (-A + 
m,Q)~ a has the following representation 



G a (x) = / C m (x)p a {dml) , 
Jo 



(46) 



where 



C m {x) = e-*° k ° +i *% k0>0} (k)6(k° 2 - \k\ 2 - m 2 )dk , (47) 

Pa (dm 2 ) = 2sin( TO )l {m2>Tra 2 } ( m2 d ™ m 2) a > ( 48 ) 

Remark 6.5 In general, the Kallen-Lehmann representation characterizes 
the 2-point Schwinger functions of a Lorentz-invariant field-theory. Com- 
paring our formula (47) with formula (6.2.6) of [37], we see that C m is a 
representation of the 2-point Schwinger function (i.e. the free covariance) 
of the relativistic free field of mass m. 
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From formula (7.2.2) of [37], we have for d>2 that 



•• >'/ 



C m (x) = (27r)2(— r )T- Kd-2(m\x\) , xeM a \{0}, (49) 
where Kd-2 > 0, for x G iR d \{0}, is i/te modified Bess el function. Thus C m 

2 

is a positive function on M d \ {0} u>ii/i a singularity at the origin and expo- 
nential decay as m\x\ — ► oo. T/us implies that G a is singular at the origin, 
as was assumed in Section 5. The consequence that G a is of exponential de- 
cay for \x\ — > oo can be shown by using the precise estimates in Proposition 
7.2.1 of [37] and the fact p a has a "mass gap", i.e., suppip a C [m(j, oo). (For 
d= I, the singularity of G a is only due to p a being an infinite measure). ■ 

Concerning the truncated Schwinger function associated with X a = 
G a * F, we have the following result, which gives a representation of the 
integral kernel s of Sj as a Laplace transform, while by formula (2-25) on 
p. 40 of [67] and translation invariance of s, we have 

Slih ®f2) = c 2 (( h{x)s(x - y)h(y)dxdy , f u f 2 G S(M d ) . 
Corollary 6.6 For a G (0, |), 

1 Q „ a 2 i (k) s 
s(x -y) = 2(2*)"* sin(vr2a)/: '^"l^ 1 '' I (s - y) . (50) 



(k 2 -\k\ 2 - 



2\2a 



Proof. By (27), we have 



S 2 T (/i®/ 2 ) = c 2 <(-A + m 2 )- a f 1 ,(-A + m 2 )- a f 2 > L2 

= c 2 <h, (-A + mlr 2a f 2 > L2 , h, f 2 G 5(iR d ) 

where c 2 is given by (27). Therefore by (36) we get 

s(x-y) = c 2 G 2a (x-y) 

= 2(2vr)- fl! sin(27ra) x 

1 , i (jfe) 

Jn 



j e -\x°-y \k°+i(x-y)k |fc°>(|g| 2 +"ig)^} 



K«t ((jfe0)2 - |fc| 2 - m?V ! 

2(27r)"i sin(27ra)£ 



1 {fc0>(|fe|2 +m 2 ) ^| 



((£0)2 _ | fc |2 _ m 2)2a 
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Remark 6.7 We should point out that in section 7 we shall give a different 
derivation of s. By the above formula (47), one can analytically continue 
s to the kernel, w say, of the 2-point (truncated) Wightman distribution 
W% = w(x — y) with 

w(x - y) := 2(2vr)-i C2S in(2vra)^- 1 ( V>(|g| a +™g)*} (A0 ) {x _ } _ 



Remark 6.8 Concerning the Schwinger function S2 and the 2-point Wight- 
man distribution for the case a = \, see the discussion Section II. 5 of [66]. 



Remark 6.9 Suppose F is a Gaussian white noise, then X a = (— A + 
mfy~ a F is a generalized free field for each a G (0, ^) and mo > 0. We refer 
the reader to e.g. [42] and ]66] for the notion of generalized free field. Our 
argument here is as follows. In this case, all Wightman distributions W n 
n G IN, are given symbolically by 

( , n is odd 

W n ( Xl ,...,x n ) = < Y^W^x^Xi,) . . .W%{x jn ,x ln ) , n is even 



where the sum is over {(ji, ■ ■ ■ , j?± , h, ■ ■ ■ , Ir) £ IN n : 1 < ji < j'2 < • • • < 
jn < n and jj, < Ij, for 1 < k < This shows that all W n , n G IN, are 
determined by W^- The corresponding Schwinger function S n , n G JV, sat- 
isfy reflection positivity since by Corollary 6.4, Wj has a Kallen-Lehmann 
representation, therefore the field X a is a generalized free Euclidean field. 
Especially X a is reflection positive in the sense of [37]. ■ 

Remark 6.10 Finally in this section, we should point out that concerning 
the kernel G\ of (— A + mp)" 1 , i.e., a = 1, the above procedure can not be 
performed. One can apply the residue theorem instead of Cauchy integral 
theorem to get a Laplace transform representation of G\. We therefore have 
a representation of G\ by using the following basic formula (see e.g. (II. 3) 
of [40] or (II.4) of [66]): 

e its 27re~ r l s l 

dt = , r > , s G ( — 00, 00) . 



, t 2 + r 

In fact, we have the following derivation 



42 



Gi(s) = (2vr)- d / f** 2 dk 



M d \k\ 2 + ml 



(2n)- d I e ik * [ / „ e \ dk° J dA; 



m 



o 



= (2vr)- d+1 / —dk . 

JIR- 1 - 1 2{\k\ 2 + ml)2 

The above integral representation of G\ in case tuq = was used in 
[18] (see the corresponding formula (6.6) in Minkowski space in [18]) as a 
starting point for the analytic continuation of the Schwinger functions. ■ 



7 Analytic Continuation II: Continuation of the 
(Truncated) Schwinger Functions 

7.1 Preliminary remarks 

In this section we present the analytic continuation of the Euclidean (trun- 
cated) Schwinger functions obtained from convoluted generalized white noise 
X = (-A + m 2 ()~ a F, m > 0, a € (0, |], to relativistic (truncated) Wight- 
man distributions. More generally, formal expressions are obtained for the 
class of random fields X given by X = G * F, where G is the Laplace- 
transform of a Lorentz-invariant signed measure on the forward lightcone. 
But as we will illustrate for X = (—A + m 2 ) )~ a F,a G (^,1), the question 
whether such relativistic expressions really represent the analytic continua- 
tion of the corresponding (truncated) Schwinger functions, deserves a sepa- 
rate discussion. 

We derive manifestly Poincare-invariant formulas for the Fourier- trans- 
form of the (truncated) Wightman functions. The obtained Wightman dis- 
tributions fulfil the strong spectral condition of a QFT. with a "mass- -gap" . 
Locality, Hermiticity and the cluster property of the (truncated) Wightman 
functions follow from the (truncated) Schwinger functions' symmetry, - 
invariance and cluster property respectively, as a result of the general pro- 
cedures of axiomatic QFT. We continue the discussion, started at the end 
of section 5, for the special case X = (-A + mg) _ 5F, d = 4. 

To the readers convenience (and to keep the length of the paper within 
reasonable bounds) not every step is presented with all details (for complete 
proofs see [38]). The methods applied here are based on and extend those 
of [13], [18]. 
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7.2 The mathematical background 

Let us first clarify the notations and the mathematical background. In this 
subsection n is a fixed integer with n > 2. From Definition 6.2 recall the 
meaning of Mj, < , >m and let {eo, • • • , &d-i} be an orthonormal frame in 
Mrf, by which is identified with M x JR^ 1 = M d . From now on we write 
for x G Ma x = (x°,x) and x 2 =< x,x >m= x° 2 — \x\ 2 . The forward mass 
cone of mass mo > is defined in analogy with the forward light cone Vq 
as 

Co : = {keM d :k 2 > ml, < k, e >m< 0} m > . (51) 

By Vj^t we denote its closure. Let 6 again denote the time-reflection. 

The backward (closed) mass cone/lightcone is defined by V^*^ Q := dV^^ Q . 

Since Md = M d C € d there is a complexification of the Minkowski inner 
product < , >m such that it is analytic in the coordinates with respect to 
{eo, • • • , e^_i}. We denote this complexification by < , > ( j W . Let T n be the 
tubular domain in {U d ) n with base Vq - , i.e. 



T n := {z = ( Zl , . . . , z n ) G (f d ) n : Zj - z j+1 G M d + iV ~ , 1 < j < n - l} 

(52) 

T n is called the backward tube. Finally define 

e{k,z) := (27r)-^exp|^ < k h z x , (53) 

where fc = (fci, . . . , k n ) G (iR d ) n and z = (z lt . . . , z n ) G p d f . We now give 
the definition of spectral conditions that are crucial for the theory of the 
Laplace-transforms in n arguments as well as for the notion of causality in 
a relativistic QFT. 

Definition 7.1 1. Let W G S' c {M dn ). We say that W fulfils the spectral 
condition, if there isowS S(lR d< - n ~V) such that 

W(fci ...k n )= w(fci, fci + k 2 , . . . , h + . . . + k n -i)5 (f^ ( 54 ) 
and supp w C (V *~) n 1 . 
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2. Let {\Nj } le]N be a sequence of truncated distributions determined by a 
sequence of distributions {W;}/ e ^v 0J W; £ ^(M dl ), Wo = 1. We say 
that the {W^} leIN (the {Wi} ll - ]No respectively) fulfil the strong spectral 
condition with a mass gap mo > if all the distributions W^", I > 2, 
fulfil the spectral condition (54), where V *~ is replaced by . 

The following two theorems, taken from the theory of Laplace trans- 
forms, provide us with the necessary mathematical tools for the analytic 
continuation of Schwinger functions. 

Theorem 7.2 Assume, that W € ^(M dn ) fulfils the spectral condition. 
Then 

1. £(V\/)(z) =< W, e(-,z) > is well-defined and holomorphic in the vari- 
ables Zj — Zj + \ j = 1 . . . n — 1 on the domain z £ T n . £(W) is called 
the Laplace transform o/W. 

2. j r " 1 (W)(Kz) is the boundary-value of £(W)(z) for Q( Zj - z j+1 ) -» 
inside T n , i.e. the relation 



lim £(\N)(z) = F- 1 (Wmz) 

<s(zj— Zj + i)GT— >0 

holds in the sense of tempered distributions in the argument 'Stz 6 M d . 
Here T C V ~ is a subcone ofV^ such that ru{0} is closed in M d , and 
the Fourier transform T is taken w.r.t. the Minkowski inner product 
on M d ^ M d . 

Well-definedness in Theorem 7.2 holds, since e(-,z) on the support of W 
behaves like a fast decreasing function, if z G T n (see also Definition 6.2). 

We remark, that < W, e(-,z) > does only depend on the variables Zj — Zj + i 
j = 1 . . . n — 1 as a consequence of (54) and up to the factor (27r) rf//2 equals 
the Laplace-transform of w, defined in the sense of [67]. (In [67] a different 
convention on the Fourier-transform leads to the interchange of forward 
and backward cones). Theorem 7.2 is essentially equal to Theorem 2.6 and 
Theorem 2.9 of [67]. 

Let us remark, that most textbooks work with other conventions on the 
Laplace-transform as we do here, since we here mostly use the variables 
Zj and not the difference variables (j := Zj — Zj+±. Lastly, let us remark 
that for distributions that depend only on one variable k € M d we keep the 
conventions of Section 6. 



45 



We observe that 



:= { lG (A^) n :9(zJ-zJ +1 )<0, i = l...n-l, 

Szj = , ftzj = i = 1 . . . n} (55) 

is included in T ra and is a tin-dimensional real manifold. We can calculate 
the coefficients of a local expansion of a function holomorphic in T n around 
a point o G (-Etf)< by performing "real" differentiations inside (i?d)<. There- 
fore, functions which are single valued holomorphic on T n are determined 
by their values on (-E^)™. This gives rise to the following 

Theorem 7.3 Let S € S' c {M dn ) and W G S c {M dn ) fulfil the spectral condi- 
tion. Assume 

S ft?!), . . . , &? n )) = £(W)(z) z G (£ d )£ (56) 

T/ien W is determined uniquely by this requirement. If S is invariant under 
Euclidean transformations, then W = .F -1 (W) is Poincare-invariant. If S 
is, in addition, symmetric, then W is local in the sense that 

\N(xi, . . .,Xj,x j+ i, ...,x n ) = W(xi, . . .,x j+ i,Xj, ...,x n ) (57) 

i/xj — Xj+i is space-like, i.e. (xj — Xj + \) 2 < 0. Furthermore, if S is a real 
distribution, 6-invariance of S implies Hermiticity o/W, i.e. 



W(xi,...,x n ) = W(x n ,...,xi) (58) 

Theorem 7.3 is part of the reconstruction theorem in [56] and [66]. We 
remark, that for symmetric and Euclidean invariant S, £(W) possesses a 
single valued holomorphic extension to the so-called permuted extended 
tube Tp e (see [67] for definitions and proofs). Our restriction of Theo- 
rem 7.3 to tempered distributions S is motivated only by our model, where 
"time-coincident" Schwinger functions are well defined. In [56] Theorem 7.3 
is proved for S G S'_^ c (lR dn ), which is a larger class of distributions than 
S' c {M dn ). 

Remark 7.4 Let y t = (yf,yi) = ($Sz?,&zi). Then (56) reads 

S(yi,...,y n ) = (27r)-t f e-^li k W +i ^W(k 1 ,...,k n )<g ) dk l (59) 
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where y = ( yi ... y n ) £ (lR d )< := {x € M dn : x? < x§ < . . . < x° }. 

7.3 Truncated Schwinger functions with "sharp masses" 

Our goal in this subsection is to represent the truncated Schwinger func- 
tions S^, n > 2 of a convoluted generalized white noise as the restriction 
to the Euclidean region (-E^)™ of a Laplace transform of a tempered distri- 
bution Wn having the spectral property. In [13] and [18] this is done for 
the truncated Schwinger functions of X = A~ 1 F. The kernel A _1 (x) can 
be represented as the Laplace transform of the essentially (up to a multipli- 
cation with a positive constant) unique Lorentz-invariant measure on the 
forward mass " hyperboloid" with mass m = 0. Given that, the crucial step 
in the analytic continuation is a change of variables, depending on the value 
of m. 

Since Section 6 shows that we have to deal with a continuum of masses 
rather than with a sharp mass, we proceed in three steps: First in this 
subsection we give an integral representation of in terms of "truncated 
Schwinger functions with sharp masses" S^ in , m = (mi,...,m n ). Then 
the subsection 7.4 deals with the representation of n as the Laplace- 
transform of a tempered distribution W^ n restricted to (^)<- Finally, 
we integrate W^ n over the masses to obtain the Fourier transform of the 
truncated n-point Wightman function W% (subsection 7.5). In that sub- 
section we also collect the properties of the obtained (truncated) Wightman 
distributions arising at the main theorem of the present section. 

From now on, we restrict ourselves to convoluted generalized white noises 
X = G * F with a kernel G which admits a representation of the form 

G(x) = I C m (x)p(dm 2 ) , x G M d \ {0} (60) 

where p is a (possibly signed) Borel measure on M + . Furthermore we restrict 
ourselves to p's which fulfill the following 

Condition 7.5 1. There exists a mass mo > 0, such that suppp C 
[mg,oo). 

2 - JlR+ ^\p\(dm 2 ) < oo. 

Remark 7.6 1. Since C m is the Laplace transform of the Lorentz in- 
variant distribution (2tt)~ 5 5+ (k) ■= (2-7r)~2 \^ ka> ^(k)S{k 2 — m 2 ) in 
the sense of Section 6, (60) and Condition 7.5 mean that G is the 
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Laplace transform of a signed Lorentz invariant measure on the for- 
ward mass-cone V r 



mo 



2. Condition 7.5 is also a sufficient condition for Q : / G S(M d ) i— > 
G * f G S(M d ) to be well- defined and continuous. The proof of this 
statement can be verified using similar techniques as in the proof of 
Lemma 7.7 [38]. 

3. The p's obtained in Section 6 obviously fulfil Condition 7.5. 

Lemma 7.7 Let p and G be as above and S T as in (31). Then for ip G 
S(M dn ) 



<Sl^>=c n f < <p > p(dm 2 ) 



(61) 



where m = (mi, . . . ,m n ) and p(dm 2 ) = p® n (dm 2 x ... x dm 2 n ). is 
defined by 

< S m n> <Pl ® • • • ® > = = / C mi * (fl . . . C mn * (f n dx , (fi . . . (f n G S(M d ) 
— J]R d 

(62) 

Proof. By the nuclear theorem, (62) well-defines S^ n G S'{lR dn ). To 
prove (61) let again ip = ipi (g> . . . (g> <^ n , with ipi . . .(p n G S(M d ). We remark 
that C m (x) = m d - 2 Ci(mx) for xeM d \ {0} and Ci G L x (iR d , dx) (cf. [37] 
p. 126). Therefore 



< 



/ / / 

J(]R + ) n J]R d JIR dn 

f I I 

(M+) n JM d JM dn 
\\Cl\\Li(IR d ,dx) 



Y[C mi (yi)(pi(x -yi) 



nciMwo*-^-) 

i=i mi 

n n—1 



dyi... dy n dx\p\(dm 2 ) 
dy' l ...dy' n dx^^{dm 2 l ) 



i=i 



mt 



1 

1R+ m 2 



\p\(dm 2 



< oo 
where we have applied 



II \\w\\L™(R d ,dx)\\ l Pn\\Ll(]R d ,dx) 

(63) 



l=i 



Y[<Pl(x - zi) 



n-l 



dx<U \Wi\\ L ^ {M d tdx) \Wn\\ L i {]R d 4x) ,z 1 ...z n £lR d . 



1=1 
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Now (63) allows us to apply Fubini's theorem to the LHS of (61). The 
LHS and the RHS of (61) are therefore equal for ip = (p± <g) . . . ® (p n . At 
the same time (63) shows, by the nuclear theorem, that both sides of (61) 
denote tempered distributions. These give, by the above argument, equal 
values if evaluated on test functions ip = tp\ ® . . . <S> ip n . Therefore, by the 
nuclear theorem again, the distributions on both sides of (61) are equal. ■ 

7.4 The Schwinger functions with "sharp masses" as Laplace 
transforms 

From now on we assume y = (yi, . . . , y n ) G (iR rf )™ , m = (mi, . . . , m n ) € 
(M + ) n . Then 

S^Jyi, ...,y n )= / C mi (x-yi)... C mn (x - y n ) dx 

— JIR d 

is well-defined as a function, since the singularities of the functions C mi (x — y{) 
are all separated from each other and are therefore all integrable and, fur- 
thermore, for large x the integrand falls off exponentially to zero (cf. [37] p. 
126). 

Taking into account that 

C mi (x- yi ) = (27r)- d j^e-^-tfl^<*-a)<5+ , 
we get by Fubini's theorem 

S^ n ( yi ,...,y n ) = (2x)^-*>f\f f\e- k >°-yW 

J]R d \ JRiJ[ 

n / n \ n 

x e~ i ^=M]j6^(k l )S[^k l )^dk l (64) 
i=i \i=i I i=i 

where we have also applied the distributional identity T i^ ^J_ A _ 1 ^ = 5 in 

the distribution space ^(JR^ 1 ). 

The RHS of (64) has to be considered as an integral over a submanifold of 
M dn determined by the ^-distributions. If not stated otherwise, all products 
of distributions which occur in the following are defined in this way. 

The expression in the brackets [...] in (64) equals 

i n n— lj— 1 

1 n e -«-,?) + E n e-W-ti^ - ft 
2^1=1 h l=2 j= i i = i 
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Jo 

n n— 1 

x TJ e -*?(*?-«? + i) + J] e-*?Ofi-»?) . (65) 

If we insert (65) into (64), then the RHS of (64) splits up into n + 1 
summands, say 



n-l 

s^Jyi, • • • , vn) = h{yi ■■■y n ) + Yl (vj+i - yj) T j(yi ■ ■ ■ v*) + i n (vi ■■■vn) 

(66) 

We are going to write each of these summands in the form of (59). This 
is easy for Iq and I n : 



Io(VU ■■■iVn) 

- n _ 

= (2ir) d ~ 1 ~ dn / n e -W-' fc i!'i e -(-E" = 2 S; i )!'i-*j' 1 



Z=2 



n / n \ n 

IIW EM^ 



W=l / J=i 



v^n lO 11 

. n _ 



Wl + 2^=2 «i z=2 \i=l / i=2 2Wl 

= (27r) d_1_<in / e~ ^"=i tfyf+Miyi 

7jRdn 2wi(wi-*;?) 



;=2 \z=i / z=i 



where we have introduced u>i = y kf + , Z = 1 . . . n. Thus, Jo i s the 
Laplace transform of the tempered distribution 

1 n ( n \ 

^-'^2^^n«,ftM(Efe) (67) 

restricted to By an analogous calculation we find that I n is the 

Laplace transform of the tempered distribution 
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-. rt— 1 / n \ 

restricted to (-Ed)", where is defined as 0<5+ . 

To check the temperedness of the distributions (67) and (68) we observe 
that for k=(k\... k n ) in the support of these distributions the denominators 
are larger than 4mQ, where mo < mi, . . . , m n . The spectral condition can 
be directly deduced from these formulas (cf. the proof of proposition 7.8 
below). 

Let us now turn to the more complicated calculations for the Lfs j = 
l...n-l. 

r j ~ 1 

Ij(yi...y n ) = {2v) d - l - dn / "Q e k M-*i* 

JlR dn fj[ 

I e [(ELi fc ?)-+(EL J+1 fc ?)( 1 - s )-(ECi fc rK-^% 



/' 

Jo 



n n / n \ n 

Z=j+2 Z=l V/=l / 1=1 

We may interchange (is and ®[Li integrations by Fubini's theorem. 
Furthermore, we integrate over <5+ . (&j)<5+ (ki + i)dkjdkj +1 and change co- 
ordinates Z^ h- > — fe; for / = 1 . . . j — 1, getting the RHS to be equal to 



rl r J- 1 

(2ir) d ~ 1 ~ dn I / J] e -tfv?-iktyi 

Jo JM d ( n -^xM( d -^ 2 jLi 



j+1 _ n 

x TT e -~ k0 iVi- ik iyi ]J e-tfyf-ikm 

1=3 1=3+1 

3-1 n n j+1 ,? 

X LI 5 m ( k II < ^ <S> dk l TT ds » 
Z=l Z=j+2 J=l,Z^jJ+l l=j ZUJl 

where we have used the following notations 

j = k j( k li ■ ■ ■ ' ^j-l' k 3i k 3+li k j+l ■ ■ ■ k n) 
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j—1 n j—1 

■= -{(-E^°+ w > + ( w i+i+ E ^ )(i-s) + E fe ?}; 

i=i ;=i+2 z=i 

kj +1 = kj +1 (ki, . . . , kj, kj+i, kj +2 • • • k%) 

j — 1 n n 

: = {(-j>° +«> + (";+!+ E *?)(!-*)- E 

;=i «=i+2 i=i+2 

We remark that £j=i + fc? + + = °- Therefore we may 

introduce new "integrations" over new variables kj, kj +1 using the measure 

S(kj — kj(ki, . . . , kj_i, kj, kj+i, fcj +2 ; • • • > k^})5 I J dkjdk® +1 

\l=i ) 

= (5(a(fcj, fej+i)s - 6(ifej + i))(J ^E dk°dk° +1 , 
where 

a(fc j , fc j+ i) = - fcj - - fcj +1 + Wj+i 
6(fcj+i) = + wj+i . 

In this way we get 

ij(yi, ■■■ ,y n ) 

JM n 1=1 1=1 

x *w*b^zjai±J) ft «,<*.)*(£*.) «><«*■■ (») 

For n > 3 or n = 2, mi 7^ mi a(kj, fej+i) 7^ holds almost everywhere 

with respect to the measure nf=i {hi) Tl?=j+2 (h)S {J2?=i h) ®™=i dk\. 
In these cases we may, by Fubini's theorem again, change the order of the 
ds and ®" =1 dk\ integrations. This together with 

/■l 1 r 1 

^ 5(as -b)ds = — \l {0<b<a} (a,b) + l {a<b<0} (a,b)\ for a/0 

inserted into (69), allows us to conclude that Ij is the Laplace- transform 
of the distribution 

Hj(ki ...kn) 
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^ d _ 1 _dn 1 {0<b(fe J + 1 )<a(fc j ,fc j + 1 )}(fci,fcj+l) + l{a(fc j ,fc j + 1 )<6(fc j + 1 )<0}( fc j. fc j+l) 



4wj^ : , + i|a(fc i ,fc j+ i)| 
J— 1 ra / n \ 

x n^w n w^mem (70) 

j=i «=i+2 \/=i / 

restricted to (■£<*)<■ 

The temperedness of -ffj can be derived from an integral representation 
like that in (69), where the exponential functions have to be replaced by a 
test function 92 G S(M d ): 

n 

\<H jt <p>\ < (2vr)^ 1 -t ( TJmO- 1 

(^<*-i)(»-i) (1 + |£|2)dn/2 ^ 'M' '* 1 ' (71) 

where |M|o,dn : = suPfcejR^™ |(l + |fc| 2 ) dn/ V(£)l- 

Since Ij(yi, • • • , y n ) is the Laplace-transform of Hj{k\, . . . , fc n ), — 
Uj)Ij(yi, . . . , y n ) is the Laplace transform of the tempered distribution ((<9° +1 
— dj)Hj(k±, . . . , k n )) where df = -J=j^ I = 1 . . . n. Terms that depend only on 

kj + kj + i give a zero contribution when derived with respect to d® +1 — dj. 
This applies to a(kj, fcj+i) and 5 (Ya=i h)- Thus, only the derivatives of the 
characteristic functions in (70) contribute to (dj +1 — dj)Hj. 
Taking into account 

1 {0<6(fc J+1 )<a(fe J ,fc J+1 )} = 1 {tf<-w j } 1 {k° +1 <uj j+1 }i 
1 {a(k J ,k J+1 )<b(k J+1 )<0} = 1 {tf>-w j } 1 {k° +1 >uj j+1 }i 

lk l {0<x}{y) = %) and also (2a;;)" 1 8(kfT^l) = ^{k), we calculate 
4ujjt j+1 ~ d ^ 1 {o<b{k j+1 )<a(k j ,k j+1 )}(k j ,k j+1 ) 

= (- 2w i) _1 l{fe«<- Wj }( fc i)^m J+1 (^+l) 

+^{kj){2u j+1 )-H {k u +i< _ UJj+i} {k j+1 ) 

= ( 2 ^) _ll {fc»>-^}(^')^m 3+1 ( fc i+l) 

+*m j ) ( 2w i+i ) ~ 1 !{fc° +1 < Wj -+i } ) 

(72) 
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Adding up both sides of (72) yields 



(d^-d^Hjih,...,^) 

r9 xd-i-ifa / sign (kP.+w^. ,,„,,,, 



J s ign (fc»+^)<5+ j+1 (fc (fcj)sign (a)j+i-fcg) 

2aj j |^ J +aj j +fc J u +1 -u; i+ i| 2uj j+1 \k^+Wj+k^ +1 -uj j+ i\ 



j—1 n / n 

;=i «=i+2 \z=i 

j'-i 



(2-) n^w( 2w . ( ^ +w . ) + 2w . +l(w . +1 _^ +i) } 

n / n \ 

x n E fc (73) 

Z=j+2 \Z=1 / 

A closer analysis shows, that the singularities on the RHS of (73) have 
to be understood in the sense of Cauchy's principal value. 
Keeping in mind that 



(-1) 



- — — — - — 7 . ^ =\Jp + m ' . 



2uj(u + k°) 2u(uj-k°) k 2 -m 2 

by adding up (67), (73) for j = 1 . . . n — 1 and (68) (recall also (66) ) we get 
the following 

Proposition 7.8 For m = {mi . . . m n ) E (lR + ) n , let W^ n denote the dis- 
tribution 

w w ^fEn^Wjr^ ft w)s(±k) (74) 

lj=U=l K 3 171 j l=j+2 ) \l=l / 

for n > 3 or n = 2 , m\ ^ 777-2 and 

(27T)- 1 l [ (2u Jl )- 2 5 mi (k 1 ) - (2u Jl )- 1 (d° 1 5 mi )(k 1 )y(k 1 + k 2 ) (75) 

for n = 2 , 777,1 = 
Then 

1. Wm n is tempered and fulfils the strong spectral condition with the 
mass gap tuq < min{777; : I = 1 . . . n} 
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2. S^.n * s the restriction of C(W^ n ) to the Euclidean region (-E^)" in 
i/ie sense of (56). This property determines W^ n uniquely. 

3- = ^ :1 ^Wmn) ^ s Poincare invariant. 

Proof. We only deal with the case n > 3 or n = 2 mi ^ m2- Concerning 
the support properties, let us concentrate on the j'th summand in (74). Let 
k = (ki, . . . , k n ) be in the support of this summand. For r < j, Yh=i h € 
holds, since each ki, I = 1 . . . r, is in this cone. For n — 1 > r > j we 
get E[=i h = ~ E"=r+i h e K^o > since each ^, / = r + 1 . . . n, is in V * + 
and thus — k\ G Vg*~. 

The facts that W^ n is tempered, and that S^ n is the restriction of 
£(Wm,n) to (-EJ )" summarize the above discussion. We have worked in the 
notations of (59) rather than in that of (56), but, as already remarked, these 
two relations are equivalent. The other statements follow from Theorem 7.3. 
■ 

The derivation of (75) is relatively easy. In the following we will not use 
this formula and therefore leave the calculation as an exercise. 

Nevertheless, the formula (75) has some consequences: If we take a noise 
F with mean zero and X = (— A + mf) _1 F = (2ir)C mi * F, then it is 
easy to see that (75) gives the Fourier transform of the 2-point Wightman 
function of the model. Since the distribution in (75) does not admit a 
Kallen-Lehmann representation, not all of the one-particle and free "states" 
of this model have positive norm. Thus, a good physical interpretation of 
such models is impossible, even if F has zero Poisson part. 

Two more details may be of interest: 

Remark 7.9 1. Let L\_(M d ) denote the proper orthochronous Lorentz 
group. For A G L^ + (M d ) and a G M d , we recall that the Poincare 
group acts on functions ip(ki, . . . , k n ) defined on the momentum space 
(M d ) n as follows 



{T{A, a }<p)(kl, ...,K)= (^((A*)- 1 ^, . . . , (AT^nK^ 1 kua>M - 

where the adjoint A* is w.r.t. < , >m, the Minkowski inner product. 
From (74) we know that the are "manifestly" Poincare invariant. 

2. Only if mi = 771,2 = • • • = fn n we can expect W^ n to be a "local" 
distribution (cf. Theorem 7.3). 
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7.5 The analytic continuation of the truncated Schwinger 
functions 

Proposition 7.8 immediately implies 

Theorem 7.10 Suppose that the distribution := c n J^+^n W^ n p(dm 2 ), 
i.e. 

< Wl, ip>=c n ( < Wl <p > p(dm 2 ) if G S(M dn ) (76) 

J(IR+) n — - 

is well-defined for all if G S(M dn ) and furthermore W% G S'(M dn ). Then 

1- fulfils the strong spectral condition with respect to the mass gap 

m,Q, where m,Q is as in Condition 7.5. 

2. S T is the restriction of the Laplace transform C(W^) to the Euclidean 
region (^)<- This determines uniquely. Furthermore = 
J r ~ 1 (W^) is the boundary-value of the analytic function C{W^){z) , z G 
T n , for — > as described in Theorem 7.2. In this sense, we call 
the truncated n-point Wightman distribution the analytic contin- 
uation of to the Minkowski space-time. 

3. is a Poincare invariant, local, hermitian distribution, which ful- 
fils, in addition, the cluster-property of the truncated Wightman dis- 
tributions, i.e. for fi ... tfn+m G S(M dn ) and a spacelike a G M d 
(a 2 < 0) we have 

W^ +n {ipi <g> . . . cpm (g> Txa{<Pm+l <8> • • • ® ¥>m+n)) , if A -> OO, 

(77) 

where T\ a is the translation by Xa. 
Proof. 

1. By Proposition 7.8 all the W^ n , m = (mi . . .m n ), mi G suppp I = 
1 . . . n, fulfil the strong spectral condition with the mass gap mo > 
given by Condition 7.5. Since is a superposition of such W^ n , 
the same applies to . 

2. As remarked before, e(k,y) := (2ir)~~e~ 2^;=i ivi on the sup- 
port of W£ behaves like a fast falling function in k G M dn , whenever 
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y = (yi, . . . ,y n ) G (iR d )™. Therefore, the following equations hold: 



<W%,e(;y)> = c n f <W^ n ,e(-,y) > p(dm 2 ) 



J(M+) m 




(JR+) m — 



= S T {y 1 ,...,y n ). 



The second equality is valid by Proposition 7.8, where the RHS makes 
sense dy a.e. by Lemma 7.7, which also implies the third equality. 
Theorem 7.2 and 7.3 now imply 2. 

3. Except for the cluster-property, everything follows from 2 and Theo- 
rem 7.3. For the cluster-property, we refer to [56], Theorem 4.5 and 
Corollary 4.7 (see alternatively [61] Vol. Ill p. 324). 



Corollary 7.11 Let {W n } neW be the Wightman distributions determined 
by the truncated sequence 

{Wj}new and W = l. Then W n fulfils the spec- 
tral condition, for n G IV. The statements 1, 2 and 3 of Theorem 7.10 hold, 
if the W£ , S T are replaced by W n , S n , respectively and the cluster- property 
of the truncated Wightman function is replaced by that for the Wightman 
functions (see [67] or [56]). 

For a proof of Corollary 7.11 we refer to similar discussions in Section 
4 and to [22]. 

Let us now turn to the question of the temperedness of the formal expres- 
sions (76). It is e.g. not difficult to see that for p's that have compact support 
in M + , temperedness follows (c.f. (71) ). Nevertheless, in these cases we can- 
not expect the two-point Wightman function to admit a Kallen-Lehmann 
representation. The reader is asked to convince herself/himself that there is 
no such representation e.g. for the case p{dm 2 ) = f(m 2 )dm 2 , f > 0, where 
/ G S(M) has compact support in M + . In this case again, we cannot give a 
good physical interpretation, even not for one-particle or free states. 

Therefore we restrict ourselves to the p's obtained in Section 6, i.e. 



Again it is possible to show the temperedness of the distributions W^, 



p a (dm 2 ) = 2sin7ral {m2>m 2 } (m 2 ) 




a G (0,1) 



(78) 



defined by (76 ) with p = p a if a G (1/2, 1) by a direct estimate, using (71). 
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Let us therefore turn to the case a <G (0, \\. We introduce the notations 



p~{k) 
p a (k) 
and we get: 



sin7ral 



{fc 2 >mg,fe0>0}( fc )^ 2 _ m 2)a 



(2vr) / S in7ral {fc2>m g ;fc o <0} (fe) (fc2 _ 
(2vr)- d / 2 (cos^al {fe2>m 2 } (/c) + l {fc2<m 2 } 



| A; 2 — itt-qI 



Proposition 7.12 Let W^ a be defined as in (76) with p = p a , a € (0, ^). 

Then W^ a is tempered and equal to 

{n j-l n \ / n \ 

En^( fc iK(y n ^) * em n - 2 (79) 
j=H=l Z=j+1 J Vz=l / 

Proof. Despite the fact, that one cannot apply Fubini's theorem because 
of the presence of the Cauchy principal values in (74), it can be shown 
by a regularization (of the p a and the W^ n ) and a passage to the limit, 
that the integration w.r.t. p (dm) and the evaluation with a test function 

ip € S(M dn ) can be interchanged in (76). Therefore, we get for W^ a : 



{n n 
En 
j=ll=l 



8111 7TQ 



p a (dm 2 ) 
r+ m 2 - kj 



n 

1=3+1 

n j-l 



sin TTCt 



» 5 mi {ki) dm 2 
I [m 2 - mlY 

°o 8+ (In) dmj 



m\ (mf-m 2 ) a 



me** 



3=1 1=1 

x n ^(*oWeO • 

j=j+i J Vi=i / 



p a (dm 2 ) 
Ir+ m 2 - k 2 - 



But (cf. [31] p.70) 



/ 

Jn 



m?>ml (m 2 - k 2 ) (m 2 - ml)' 
1 



-dm 



(x — (k 2 — m1))x a 



dx 
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1 r° 1 

\k 2 -m 2 \ a Jo j/Tl y 
Trcot 7r« |pz^; if/c 2 -m§>0 ; 
^(sinTra)" ^^- 1 ^!" if A; 2 - < . 

Thus, we get (79). It is not difficult to show the temperedness of (79) by 
application of a Cauchy-Schwarz inequality, making also use of the fact that 

-1-2 2 2 

(l^a) j (/•*(*) ' (/•*<*) are l° ca lly integrable functions. ■ 

Poincare- invariance in (79) follows from Theorem 7.10, but is also "man- 
ifest" (cf. Remark 7.9 1.). Let us make sure that (79) in the case n = 2 
yields the same result as Section 6. We have 



c 2 (2vr) d 2 n+(k 2 ) + Ma (*iK(*2)} + 



c 2 4 sin na cos 7ra 



l{ fe f>mg, fe? <0}(^l) (A; 2_ m 2 )Q 



<5(fci + k 2 ) 



= c 2 2sin27ral {fc 2 >m 2 fc o <0} (fci) 2 1 2 S(h + fc 2 ) (80) 

for a G (0, |), where we have applied sin7racos7ra = | sin(27ra). (80) differs 
only by a time reflection 9 from the distribution defined in Remark 6.9, which 
arises from different conventions in the definition of the Laplace-transform 
in Section 6 and Section 7. Thus, we have the same result as in Section 6. 
(Note that the additional factor (2ir)~2 in Remark 6.7 arises from the fact, 
that the normalization factor of the Fourier transform in one argument is 
(27r)~2 while for the Fourier transform in 2 arguments it is (2-7r) _d ). 

Corollary 7.13 For n > 3, Proposition 7.12 also applies to W T ! . A tech- 

n, 2 

nical calculation shows, that (79) is also tempered for a = \ . Furthermore, 
the 2- point-function WTi = (27r)c 2 ^ r_1 [(5~ (k\)8{k\ + fc 2 )] is the well-known 

2-point function of the relativistic free field. Therefore, also in the case a = \ 
Theorem 7.2 applies. 

Remark 7.14 For < a < \, c\ = 0, W 2 , a = ^2 a admits a Kallen- 
Lehmann representation. Therefore the corresponding Gaussian Euclidean 
field with covariance- function S2 >a is reflection positive (but not Markov, the 
latter being seen from a general theorem of Pitt [59]). 

For a = \ the corresponding Gaussian Euclidean field is the Markov 
free field of mass tuq ([54])- This can be also taken from the Equation (80) 
by the following considerations: For a ] \, on one hand we have that the 
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coefficient sin(2-7ra) j 0. This implies that the Fourier transformed truncated 
2-point functions W^ Q vanish on open sets in M d2 which do not intersect 
the mass-shell {kf = ttt-q,^ < 0, k\ + k 2 = 0}. On the other hand, the 
singularity of the on this mass-shell causes non-integrability for a j ^ . 
Combining this two aspects in a quantitive calculation [38], one can show 
that 

Hm2sin27ral {fe 2 >m 2 )fe o <0} (A;i)^2— — ^ = 2i:5^ Q {k l ) , 

where the limit is the weak limit in S'(M d ). 

Let us now have a look on (80) for 1 > a > \. First of all we note, that 
(80) is no more tempered, since the exponent —2a is smaller than -1 and 
(80) is not locally integrable. Therefore, formula(80) in this case can not 
represent W^ a - Nevertheless, one may speculate that (80) still holds if k\ 
stays away from the mass-shell {kf = m\, k\ < 0, k\ + k 2 = 0}. // this were 
true, an interesting observation can be made: Since the function sin 27ra at 
a = \ changes its sign from + to —, the corresponding truncated 2-point 
Schwinger function S^ a for a G (^, 1) would be "reflection negative", rather 
than "reflection positive". 

Thus, it seems, as if the Markov-property in the case of Gaussian Eu- 
clidean random fields would appear at the "boundary" of reflection-positivity. 
Nevertheless, a proper treatment of this problem has to be left to future work. 

7.6 Positivity in the scattering region 

Let us concentrate on a = \ and d = 4, c\ = 0. We thus consider the 
truncated Wightman functions of the convoluted generalized white noise 
X = (—A + mQ)~^F. If F is Gaussian, X is the free Markov field of mass 
mo and the analytic continuation of its only nonzero Schwinger function S 2 
yields that on (Edf^ is the Laplace transform of 

W?(k u k 2 ) = (27r) d+1 c 2 5 mo (k l )5(k 1 + k 2 ) . 

This is the Fourier transform of the 2-point function of the relativistic free 
field of mass mo [54]. Let {W ^ } ng ^y be the sequence of Wightman functions 
composed from the truncated sequence {Wn}ne]N, = n / 2, W 2 = 
JT _1 (W^). W% is composed from the W2 in the way of Corollary 3.5. For 
(p £ <^(M dn ) define (p* by (f*(xi . . . x n ) = f(x n . . . x\). It is well known, that 
in this case positivity holds for the {W^} ne jv ! i- e - f° r <P° <Pl £ $c(lR dl ), 
I = 1 . . . n, we can define a seminorm for the vector = (9? , ipi . . . (p n , . . .) 
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in the Bochner algebra 0£° =o $p(R dn ) =: S as 

ll*lg== E W7+r>?®¥>m)>0 (81) 

i,m=0 

This allows us to look at equivalence classes of vectors with norm larger than 
zero as the "physical states" of the theory. Let now F be a generalized white 
noise. We define the general non-definite (cf. Section 5) squared pseudo- 
norm || • || 2 on S in analogy to (80), where the W^ m 's are replaced by Wi+m's 
obtained from the truncated Wightman distributions W T x = J-~ 1 (W T i) 

defined in Corollary 7.13. Let us now fix e > and define a region U in 
the Minkowski space time as U := {k G : fc 2 € [m 2 , — e, mg + 
e],k° > 0}. Let S(U) denote the Schwartz functions on M d with support 
in U. For ip G 5(iR d ) such that <p G 5(17) define ^(x,t) := ^ 1 (^ t ) (x) 
where (f>t{k) = (^(/c)e^ fe °~ w ^. Let us concentrate on ^(t) G S_ such that 
(t) = (<p°, V i(t), ¥» n (*)0 . • • . . .) where ^(t) = <8>Li with #(t) 

defined as above. It is well known [43] that the "wave packet" (p s r (t)(x) is 
concentrated near the plane x° = t. In this sense, we say Hf(t) approaches 
the asymptotic region x° — > ±oo if t goes to that limit. 

Let us quote [61] Vol III p. 324 ff. and [43] for the following basic results 
of Haag-Ruelle-Theory, based only on locality, strong spectral condition 
and invariance of the n > 3 and the special form of W^- 

^ 2 T (^W(t)®^W(t))=0 (82) 

and 

Wl (<^ W (t) ® . . . <g> ¥>£ W (t)) -> for n > 3 as t -» ±oo. (83) 

The limit in (83) is approached as (1 + |i|)2( ra_2 ) falls to zero in the general 
case, and faster than (1 + (^1)"^ N G TV falls to zero, if the ^*(0)'s are 
non-overlapping in velocity-space, i.e. uj^ l kf l ^ ujJ 1 ^ 1 for k{ Gsupp^ 

kj Gsupp<^ j,i = l...ni^j. 

Since we can expand ((^(t)!) 2 into products of truncated Wightman func- 
tions of the type Wj^PrX^ (t) <8> frl^it)) and those of the type of the LHS 
of (83), we get 

Proposition 7.15 Let <&(t) G S, \\ . || 2 || . || 2 as above. Then 

||^)|| 2 ^||*(0)|| 2 ast-ioc (84) 
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The limit here is approached as (1 + \t\) 2 in general and faster as 
(l + |t|)" N -> for any N £ IN for a "non-overlapping" Vl/(0). 

Remark 7.16 1. Let us point out, that the existence of stable one-particle 
respectively of free states, i.e. the holding of (82), is special for a = \ . 
We do not have an analogue of these statements e.g. in the case 
ae(0,i). 

2. We remark that the result of Proposition 7.15 in the non-overlapping 
case holds for all dimensions d>2 [43]. Proposition 7.15 can also be 
generalized to the dimensions d > 4, but the classical literature only 
deals with the physical-space-time d = 4. 

3. If there is at least one ip s , such that all ip r s r = 1 . . . s take nonzero 
values on the mass-shell of mass mo, then we have ||\I/(0)||g > and 
thus also \\ty(t)\\ 2 becomes positive for large t. 

4- || • || 9 may also be called the norm of a free or noninteracting state. In 
the very vague sense of (84) we may therefore say, that ^(t) approaches 
a free state. Nevertheless, we cannot define asymptotic free states as in 
Haag-Ruelle theory, since at the moment we have no Hilbert topology 
in which the ^(t) 's could converge. 

5. For further investigations it seems therefore to be necessary to intro- 
duce a suitable auxiliary topology. A promising candidate is the Krein 
topology: In [3] we proved that the Wightman distributions of our 
model fulfill the Hilbert- structure condition of [52]. The model devel- 
oped here thus fulfills the modified Wightman axioms for "fields in an 
indefinite metric" (see e.g. [28] for a definition of such fields). By the 
general results on spaces with indefinite inner product ( see again[52] 
and references therein) we get that there exists a Hilbert space (H, (., .)) 
such that S C TL is dense. If < ., . > denotes the inner product on 
S induced by the sequence of Wightman distributions {W n } n ^iN , then 
there is a continuous self-adjoined operator rj on Ti s.t. rj 2 = 1 and 
(.,rj.) =< .,. > holds on S_. 

Finally, we would like to summarize this section as follows: In Propo- 
sition 7.12 and Corollary 7.13 we give explicit formulae for the Fourier- 
transformed (truncated) Wightman distributions that belong to the random 
field X = (—A + mQ)~ a F, a G (0, The sequence of Wightman distribu- 
tions constructed from the former distributions fulfils all Wightman axioms 
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(cf. [66], [67]) of relativistic QFT, except for the positivity of the square 
norm in the state-space, which in some cases does not hold and in others 
is uncertain (it is certain only for the case where F is Gaussian). Neverthe- 
less, in the case a = \ there exists stable one resp. free states, and therefore 
Haag-Ruelle theory allows us to derive a positivity condition for states Hf(t) 
approaching the asymptotical respectively scattering regions as t — > ±00. 
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